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Preface

Wittgenstein, so the legend goes, was present at Brouwer’s lecture,
‘Mathematik, Wissenschaft und Sprache’,' in Vienna in 1928 and was
moved thereby to resume philosophy. Certainly the philosophy of
mathematics intensely occupied him during the following sixteen years.
It was a major area of attention in his large typescripts of 1929-30 and
1932-3 which we now have as the Philosophical Remarks and Philosophi-
cal Grammar respectively; and he continued to write extensively about
topics in this part of philosophy for all but the final seven years of his
life.

For whatever reason, he included hardly any of this material in his
final draft of the Philosophical Investigations; which, however, con-
cludes with a remark which seems to advertise it:

An investigation is possible in connection with mathematics which is
entirely analogous to our investigation of psychology. It is just as little a
mathematical investigation as the other is a psychological one. It will not
contain calculations, so it is not for example logistic. It might deserve the
name of an investigation of the ‘foundations of mathematics’.

- In 1956 his literary executors published an edited collection from those
of Wittgenstein’s manuscripts, written in the period 1937—44, which
concerned these ‘foundations’ of mathematics. It is the leading
philosophical themes of this text which form the subject matter of my
book. '

The laconic, fragmentary and disorganised character of the Remarks
on the Foundations of Mathematics, and the apparent eccentricity of the
views therein expressed, has made it easy for philosophers, including
many who would profess to find much of value in the Investigations, to
dismiss and, in some cases, to abuse it. When I first read the book, I too
thought Wittgenstein wrong in virtually every opinion which I could
confidently identify him as expressing—and I cannot pretend to know
today that I was not right. But since its thought is, as the editors
originally stressed, of a piece with that of the Investigations, the easy
stance of eclecticism with respect to Wittgenstein’s later ideas is not an
option; the philosophy of mind of the Investigations may possibly be
largely right and the philosophy of mathematics of the Remarks on the
Foundation of Mathematics largely wrong, but that is a view to which no
one is entitled who has not probed their deep common sources in

'Reprinted in L. E. J. Brouwer, Collected works (see References, entry 12).
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Wittgenstein’s later philosophy of language. This is, first and foremost,
what I have attempted to do in this book.

To understand any philosophical view involves knowing what best
can be said on its behalf. Accordingly, my approach has been mainly
sympathetic; an approach I have not always found it easy to maintain. I
am, moreover, deeply aware that in seeking to locate in Wittgenstein’s
thought the system and argumentation necessary if such sympathy is to
be seen to be deserved, I run the risk of representing him as engaging in
philosophical theorising of the kind he distinctively forswore.

Wittgenstein’s later thought about mathematics was preoccupied at
bottom with the two most fundamental philosophical questions to
which pure mathematics gives rise: the apparent necessity of mathemat-
ical truths, and the nature of our apparent knowledge of them. It is, of
course, in large part a terminological issue whether these questions
should be regarded as falling within the philosophy of mathematics, the
philosophy of language, or the theory of knowledge. What is clear 1s that
they are in no sense technical questions. Wittgenstein’s treatment of
them is conspicuously free of technicality, and those whose intellectual
conscience leads them to want the philosophy of mathematics to look
like mathematics will not much enjoy this book either. Many issues in
this area of philosophy call for formalised exposition and investigation;
but the questions with which Wittgenstein was most concerned call
only for hard thought and a natural language to express it in.

My book is based on material presented to graduate classes in Oxford
during the Trinity terms of 1974, 1975, and 1977. Originally, when I
thought I might make a book of it all, it was my intention wholly to
jettison the format of those lectures and attempt systematically to
rewrite my notes from a unified point of view; but it soon became clear
that this would be a massive task, quite out of proportion to any likely
gain. I found, too, that it went against the grain to try to impose my later
perspective on the earlier material; for example, that I wanted the
reader to think through for himself the advantages and disadvantages of
the ways in which Wittgenstein’s ideas about following a rule are
expounded at different stages. The upshot is a text which remains fairly
close in content and organisation to the original lectures. The three
parts are in some measure self-contained, but the whole is a document
of ideas in progress and should be read accordingly.'

Save for a couple of absolutely elementary natural deduction
examples, I presuppose familiarity with no parts of logic or mathema-
tics which the Remarks on the Foundations of Mathematics does not
presuppose. Something of an analytical table of contents seemed desir-
able, both as a guide and as an aide-mémoire to the reader. For the sake
of anyone who might want to use my book as a seminar text, I have
usually listed at the start of a chapter various sources taken from Witt-

'Prototypical versions of I-VIII were given in 1974; of 1X, X, XII, XIII and XVI-XIX in
1975; and of the remainder in 1977.

Preface 1X

genstein’s later published writings and reported sayings. These are
passages in which Wittgenstein addresses questions, or expresses ideas,
germane to those with which the ensuing chapter is concerned. It
seemed right that the scope of the selection should include all the
post-Tractarian texts, though the reader unfamiliar with those books
should beware of assuming that Wittgenstein’s later thought about
mathematics forms a unity. In general, I have cited only passages which
I believe assist interpretation of the Remarks on the Foundations of
Mathematics; and, with a couple of exceptions, only passages available,
or shortly to be available, in English translation. One or two passages
are, by way of reminder, cited more than once. The selection could
have been much more extensive.

Iam indebted to the suggestions and questions of those who attended
the original classes, and to Frederick Benenson, Gareth Evans, Jane
Howarth and Christopher Peacocke for their comments on sections of
an earlier version; to Edna Laird who typed both the earlier version
from tape-recordings and the final draft; to Michael Wrigley who
compiled the Index and supplementary Bibliography; and, especially,
to Michael Dummett whose ideas about Realism have enormously
influenced my approach to these questions and constitute, indeed,
almost as much as Wittgenstein’s own ideas the subject matter of this

book.

All Souls College, Oxford
June, 1978

C.]J.G. W,



RFM

BGM

PI

PG

ocC

Z

PB

BIB/BrB

LFM

WWK

Abbreviations

Remarks on the Foundations of Mathematics, 2nd edition,
eds. von Wright, Rhees, Anscombe, trans. Anscombe.
Blackwell 1964.

Bemerkungen iiber die Grundlagen der Mathematik, 3rd
edition, eds. von Wright, Rhees, Anscombe. Suhrkamp
1974.

Philosophical Investigations, eds. Anscombe and Rhees,
. trans. Anscombe. Blackwell 1953.

Philosophical Grammar, ed. Rhees, trans.

Kenny.
Blackwell 1974. '

On Certainty, eds. Anscombe and von Wright, trans. Paul
and Anscombe. Blackwell 1969.

Zettel, eds. Anscombe and von Wright, trans. Anscombe.
Blackwell 1967.

Philosophical Remarks, ed. Rhees, trans. Hargreaves and
White. Blackwell 1975.

The Blue and Brown Books. Blackwell 1964.

Wittgenstein’s Lectures on the Foundations of Mathematics
Cambridge, 1939, ed. Diamond. Harvester Press 1976.

Ludwig Wittgenstein und der Wiener Krets, shorthand notes
of Waismann, ed. McGuinness. Blackwell 1967.

Tractatus Logico-Philosophicus, trans. Pears and McGuin-
+ ss. Routledge 1961.

~N N

II:

. Wittgenstein’s claim that meaning does not determine correct use,
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1. The images with which the practice of classical mathematics is
surrounded are familiar. Pure mathematics is thought of as descriptive
of an external, independent reality, in much the manner whereby, we
are encouraged to think, natural science describes the physical world.
But this ‘world’ described by pure mathematics is not the physical
world. It is abstract, changeless and what holds there holds necessarily.
Pure mathematics is nevertheless a project of discovery; its goal is first
and foremost to chart the mathematical realm.

This picture of the nature of pure mathematics seems to demand a
special epistemology. Thus Gédel' postulated a special intuitive
faculty, akin to a kind of perception of mathematical objects, to explain
our capacity to know mathematical truths. Such a postulation, of
course, explains nothing of the sort. The picture, indeed, threatens to
push our recognition of the truth of a mathematical statement beyond
philosophical account. And it is immediately objectionable in at least
two other related ways. What sort of explanation are we going to be able
to give of the necessity of pure mathematical truths, if it is merely a
reflection of a feature of the domain which pure mathematics allegedly
describes? And what account is going to be possible of the application
of pure mathematics? In particular, how is it that truths concerning
an alleged special abstract domain carry over into the physical world
also? '

Even those who favour the defence of classical mathematics against,
say, the mathematical intuitionists (and other ‘revisionists’) are bound
for such reasons to feel uneasy about the platonist picture. Yet remark-
ably little has been done to provide an unpictorial, substantial account

! See for example 38, 2 pp. 271-2.
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of what platonism as a philosophy of mathematics comes to in essen-
tials. It is not obvious how such an account should go. This is in large
part due to the tendency of platonists to concentrate upon felt inade-
quacies in positions held by their contemporary opponents rather than
upon explanation of their own position. For example, the polemical
parts of Frege’s Grundlagen might give the impression that a platonist
conception of arithmetic is unavoidable if one is not prepared to accept
formalism, psychologism, or the empiricism of J. S. Miil.? But, what-
ever the reason, we do not have ready to hand a worked-out philosophy
which (had the order of things been reversed and intuitionist
mathematics been historically prior) could now be used to recommend
the supplanting of intuitionist methods by classical ones. The platonist
imagery is, above all, crude.

Wittgenstein thought it worse; he thought it pernicious. When
mathematics turns away from its application outside mathematics and
in on itself, to prove, for example, that the rationals cannot be enumer-
ated in order of magnitude, Wittgenstein is provoked to think in terms
of a comparison with alchemy (1v. 16):

Is it the earmark of this mathematical alchemy that mathematical prop-
ositions are regarded as statements about mathematical objects, and so
mathematics as the exploration of these objects?

And then

Whatis typical of the phenomenon I amtalking about is that a mysterious-
ness about some concept is not straightaway interpreted as an erroneous
conception, as a mistake of ideas, but rather as something that is not at
any rate to be despised, that is perhaps to be respected.

Of the same example about the rationals Wittgenstein says elsewhere
(App. 11, 10):

This proposition seems to belong simply and solely to mathematics,
seems to concern, as it were, the natural history of mathematical objects
themselves. One would like to say that e.g. it introduces us to the
mysteries of the mathematical world. This is the aspect against which I
want to give a warning.

Again (v. 34)

What harm is done by saying e.g. that God knows all irrational numbers,
or that they already are all there even though we .only know certain of
them? Why are these pictures not harmless? Well, for one thing they hide
certain problems.

 Locus classicus: 62, Book I, ch. VI,
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And (111, 11)

Arithmetic as the natural history, or mineralogy, of numbers. But who
talks like this about it? Our whole thinking is permeated with this idea.

Finally (App. 11, 3),

The dangerous and deceptive thing about the idea, ‘the real numbers
cannot be arranged in a series’ or ‘the set of real numbers is not denumer-
able’ resides in its assimilation to a fact of nature of what is in reality the
determination or formation of a concept.

For Wittgenstein, then, it is a dangerous error to think of pure
mathematics as descriptive of some objective domain. It is an error
which he thinks affects our entire way of thinking about mathematics
and which leads us to give to its results a skew and erroneous form of
expression. He wants to get right away from the idea of pure mathemat-
ics as descriptive. In several places he questions whether we might not
dispense with the notion that genuine propositions are dealt with in pure
mathematics, and in the final passage just quoted he proposes an
alternative picture: we are to think of the conclusion of the diagonal
argument not as expressing a new discovery about the nature of the real
numbers, but as marking the determination of a new concept.

Of course, this new picture is every bit as opaque as that which it is
intended to supplant. The idea of proofs as instruments not of discov-
ery but of conceptual change is a recurring theme throughout RFM,
and is one of the factors which have prompted some commentators to
regard Wittgenstein’s philosophy of mathematics as conventionalist.
But the interest of Wittgenstein’s alternative picture depends at least in
large part upon the strength of his reasons for rejecting the platonist
picture. And his rejection of platonism, at any rate as illustrated in the
passages just cited, might excusably be thought to be a shallow rejec-
tion. Little or no overt effort seems to be made in RFM to understand
the motivation of the platonist view and to see whether there is not
underpinning it somi¢ more substantial doctrine than the familiar
images of exploration and discovery. Accordingly I want to begin by
sketching, in rather less figurative terms, what the essential strands in
platonist thinking about mathematics consist in. Only when that is clear
will it be possible to assess whether Wittgenstein succeeded in develop-
ing any ideas on which a reasoned rejection of platonism may be based.

2. Kreisel' suggests that the essential issue between platonist and

constructivist philosophies of mathematics concerns not so much the

existence of mathematical objects as the objectrvity of mathematical

truth. Of course, this notion of objectivity is prima facie little more clear
154,
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than the general notion of an object, so that Kreisel’s suggestion itself
requires to be interpreted before it may be used as an instrument of
liberation. But it is certainly the case both that the platonist picture
suggests a conception of pure mathematics as something objective and
that constructivists do not typically deny the existence of mathematical
objects; at all events, they do not repudiate the existence of an abstract
reference for mathematical singular terms. But do constructivists—the
intuitionists, for example—reject the objectivity of mathematics either?
Viewed superficially, the picture of mathematics with which they are
usually associated might suggest that they do. To repudiate the objec-
tivity of morals, for example, would be to agree with Nietzsche that
‘there are no moral facts’,’ that there is no domain of reality to which
moral opinion is answerable. But Brouwer’s talk of mathematics as
‘created by a free action’® suggests that it might at any stage be, with
equal right, developed in different directions—a notion seemingly
echoed by Wittgenstein throughout RFM—and is naturally taken as a
comparable view about mathematical facts. On such a view there would
seem to be no more objectivity in pure mathematics than in writing
fiction.

This notion, however, is obviously a travesty of the practice of
intuitionist mathematics and, indeed, of anything recognisable as pure
mathematics at all. When innovation takes place in intuitionist
mathematics, it is generally allowable only if it meets previously
accepted criteria for the correctness of proofs and the admissibility of
concepts. Nothing would count as mathematics, from whatever
philosophical standpoint it emanated, in which this was not so. If
Brouwer’s talk of free creativity on the part of the mathematician had
been meant to suggest that ‘anything goes’, he would have been dis-
armed from making the kind of criticism of the concepts and methods of
classical mathematics which the intuitionists offer; that is, a selective
criticism. So unless ‘objectivity’ is given a more refined sense than the
general currency of certain standards of correctness and of error in
proofs, the intuitionists cannot be represented as rejecting the objectiv-
ity of mathematics; indeed, nothing will count as mathematics which is
not objective in this way.

But we ordinarily read more into the notion of objectivity than the
existence of shared standards of admissibility and error. There is a
general counter-idealist streak in the way we ordinarily think. In gen-
eral we grant the legitimacy of the question whether our ordinary
standards of acceptability for beliefs and theories actually yield state-
ments which really do depict how things are (so that Nietzsche’s
conviction that they do not do so in morals at least would seem intelli-
gible, even if moral standards were free of their distinctive cultural

165, p. 55, for example.

210, concluding summary (12, p. 97). Almost fifty years later he writes (11) of mathematics as
‘an autonomic interior constructional mental activity’ (12, p. 551). Cf. Heyting’s (47) ‘free, vital
activity of thought’ (2, p. 42).
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variability). More than that, we generally believe that our ordinary
standards of acceptability are adequate, that the statements which they
let through will be a true reflection of the world.

The second belief is less important for our present purpose. The
crucial element in the concept of objectivity is the admission of a
conceptual distinction between how things seem to us when assessed by
the most refined criteria which we possess, and how they may actually
be. It is on our willingness to allow such a hiatus that our capacity to be
troubled by traditional forms of scepticism depends.

The intuitionists sometimes write as though the proper response of a
mathematician to the issue whether mathematics is objective in this way
would be to ignore it.! There is no need for a mathematician to raise the
question of the ulterior adequacy of his standards of proof, of whether
the conclusions of reasoning which satisfies his normal standards
are a faithful reflection of how things are in some external sense. Mathe-
matics is rather, in Brouwer’s phrase, ‘inner architecture’;? there
ought to be no confrontation of the mathematician with the question
of the objective truth of his results. From this point of view, the
central error of classical mathematics would lie in taking sides on an
issue with which the mathematician, qua mathematician, has no proper
concern.

Whether this is an adequate account of the intuitionists’ motives does
not concern us immediately. What it does at least suggest is a less
metaphorical account of the philosophical motivation of classical
mathematics than is usual. The central question is not so much whether
pure mathematics should be viewed as describing an external, change-
less, abstract reality as whether we ought to admit, at least in principle,
a distinction between meeting the most refined crieria of mathematical
acceptability and actually being mathematically true.

3. The objectivity, then, of our beliefs in a particular area is not
merely a matter of the currency of agreed criteria of acceptability and
error for them. It is a matter of allowing the question of whether there is
correspondence between the results of applying these criteria and how
things really are. As suggested above, it would thus appear to be a
sufficient condition for the objectivity of statements of a particular
species that we leave scope for the traditional sort of scepticism concern-
ing our knowledge of them. But it is not a necessary condition. Even
where we regard it as possible that we can conclusively verify a
statement, a conception of its truth or falsity as objective is still a
possibility. We employ such a conception if we hold that the statement
may be determinate in truth-value irrespective of whether we can
recognise what its truth-value is. Thus, many people would be

! See, for example, Heyting’s ‘Disputation’ in 46, p. 3 sq.: inted i
29, (12, p. 49; 2, p. 84). P P-382:; (reprinted in 7).
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prepared to allow that, while a proof of a mzthematical theorem cer-
tainly decisively shows that what makes it true obtains, its doing so is
independent of our capacity to recognise the fact; that is, to devise the
proof. The theorcm is not made true by its proof; it is merely conclu-
sively shown to be true.

Such a conception of truth for particular statements is easily
intelligible only if we can give some other account of their truth-
conditions than will make them coincide with conditions under which
we should regard ourselves as capable of verifying those statements
(or in which we should be capable of coming to believe them on
optimally rational grounds). In the case of effectively decidable
statements, therefore, it is unclear whether the contrast between a
belief in objectivity and a repudiation of it can be fully made out, at
any rate by means of the characterisation of these attitudes so far
given. It s, of course, still open to someone to try to make good a sense
in which, even for effectively decidable statements, conditions of
truth and conditions of verification (although necessarily coinstanti-
ated) do not necessarily coincide. But the nature of a belief in objectivity
is obviously far less elusive when we are concerned with statements
to which we would ordinarily apply the notions of truth and falsity but
of which we recognise that no means of verification or falsification
necessarily exists.

For one who believes in objectivity—and, perhaps, on any sane view
—the making of a statement is essentiaily an attempted depiction of how
things are. No one could be said to have understood a statement who
did not understand the nature of the circumstances which it purported
to depict. But if how things are is thought of as a hard, objective issue
transcending determination by our criteria, or, at least, not necessarily
determinable by our criteria, possession of this understanding cannot
be thought of as essentially a recognitional ability. It is natural to
protest that on such a view the making of a statement becomes a
somewhat nugatory business, comparable to shooting at a target which
no one can see. But this objection is questionable. For one thing, it may
be possible to tell that one has hit the target, for example, by proof; for
another, even where the possibility of verification is foreclosed from the
outset, for example with some unrestrictedly general contingent
hypothesis, there may still be a point in hitting the target, although
one can never have the satisfaction of knowing for sure that one has
done so.

A belief in the objectivity of a certain class of statements thus carries
with it a certain conception of what it is to understand the members of
that class. Such a statement can be understood only by someone in
possession of a concept of the fact which it putatively describes, that is,
of the circumstances under which it would be true, of a kind not
essentially reducible to a capacity to recognise those circumstances
should they obtain.
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4. This brings us upon the suggestion made in several places by
Dummett that the hard philosophical core to the platonist concep-
tion is to be found in the notion that the meaning of a statement is tixed
by determining the circumstances under which it is true or false.!
Certainly such a notion of statement meaning was endorsed both by
Frege and by the Wittgenstem of the Tractatus.? But it is doubtful
whether the view that truth is the central notion in determining the mean-
ings of statements involves of itself a commitment to their objectivity.
It would, for example, have been consistent with Logical Positivism
to have supposed that the meaning of a statement is fixed by
determining its truth-conditions, but with the crucial proviso that
truth-conditions will not be admitted as having been intelligibly
specified which are not such that, if they are actualised, we can come to
recognise that they are so. There would have been no harm from the
positivists’ point of view in supposing that the sense of a sentence is
determined by fixing its truth-conditions so long as the scope of the
supposition were restricted to statements whose truth guarantees their
verifiability. But the point of the positivists’ emphasis on verification
was, presumably, in the present terms, essentially anti-objective. It was
to repudiate any notion of statement-understanding dissociated from
experiences which we may have and procedures which we may carry
out. In the positivists’ view, it was only by reference to such experiences
and procedures that the idea of the correct use of language could have
any content for us. However, the restriction on the idea of truth-
conditions just entertained would preserve the desired connection
between understanding and human practice and experience; for when
truth implies verifiability, to know under what circumstances a state-
ment is true is to possess information entailing how its truth might be
recognised.

It would appear, then, that if a belief in objectivity, in the current
sense, is indeed an essential aspect of platonism, Dummett’s proposal
requires to be understood like this: the crucial thing is not simply the
acceptance of a truth-conditions theory of meaning as such, but a
particular conception of what truth is. The platonist implicitly sub-
scribes to a strong ‘correspondence’ theory of truth, crediting us with
the capacity to form concepts whose application to reality is something
which we need not be able to determine, which characterise the world,
or fail to do so, autonomously, and which may then be employed in
fixing the truth-conditions of statements. If the view of statement-
meaning in terms of truth-conditions is to entail platonism, a conception
of truth as objective has to be built in from the outset; there has to
be in general no equivalence between determining the truth-conditions
of a statement and determining what counts as verification of it. There
has to be no presumption that only if it is thereby apparent how one

! See especially 22, 23, 25, 26, 30.
? For example 36, vol. I, §32; and T 4. 451.
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might set about verifying a statement—or apparent at least how one
might, with good fortune, succeed in verifying it, though not as the
culmination of a procedure which one can effectively initiate—have its
truth-conditions been intelligibly specified. Of course, any explanation
of the truth-conditions of a statement places a condition upon what
verification of it has to determine, or what recognition of its truth has to
be recognition of. The point is that, for a platonist, the fixing of
truth-conditions is not aimed at teaching someone a procedure of verifi-
cation or at effectively determining for him under what circumstances
he may regard himself as having recognised the statement’s truth. If
truth-conditions for a statement are defined in a platonist spirit, it is no
objection to their intelligibility if it is not apparent how one might set
about determining whether they obtain, or what would count as the
experience of their obtaining.

In summary: someone who holds that to know the meaning of any
statement is to know under what circumstances it is true or false is not
thereby committed to a platonist philosophy of mathematics unless he
also regards it as an irrelevant objection to an alleged specification of
the truth-conditions of a statement that it entails no explanation of
how they might be recognised to obtain. His concept of truth has to be
of an intrinsically objective character: we are held to have the capacity
to understand a specification of circumstances under which a statement
is true irrespective of whether we know how it might be determined
to be true. If we have such a capacity, it must be a comprehensible
possibility that certain statements be true for which we may have
no method of verification. It also follows that we may in general
comprehensibly raise the question whether the methods of verifica-
tion or, more loosely, of assessment which we employ for statements
in a certain class do provide a faithful reflection of how the world s, do
measure up to our concept of truth for those statements. A belief that
we have this capacity to grasp concepts in a sense irreducible to a
recognitional ability renders inaccessible any version of idealism
which holds as senseless the attribution to the world of properties
independently -.of whether, or how, we might know it to have
them.

5. If in these considerations we have hold of a general version of
what is essential to mathematical platonism, it ought to be possible to
trace the distinctive features of classical logic, in contrast, that is, with
those of, for example, intuitionist logic, back to acceptance of the
objectivity of statements to which it is applied. Where, then, in the
framework of classical propositional and predicate logic can we locate
consequences of crediting us with the capacity to grasp a verification-
transcendent notion of truth?

If one were to judge superficially by the differences between conven-
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tional ways of formalising classical and intuitionist logic,! it would
seem that the essential differences are all to be found at the level of
propositional logic; for the introduction and elimination rules for the
quantifiers are the same for both the classical logician and the
intuitionist. Indeed it would seem that there is only one essential
difference. Add the law of excluded middle to intuitionist logic and the
whole system inflates into classical logic. The classical quartet of

equivalc?nces expressing transpositions between the quantifiers are then
all readily forthcoming:

(x)Fx © —(dx)—Fx
(3x)Fx © —(x)—Fx
(x)—Fx <« —(3x)Fx
(Ix) - Fx & —(x)Fx.

Thus we can also easily prove the validity of such a disjunction as:
(x)Fx V (3x)—Fx

irrespective of the size of the range of the variable x, or the decidability
of the predicate F.

It would thus appear that the whole disagreement between the
intuitionist and the classical logician crystallises in the latter’s
unrestricted acceptance of excluded middle. But now, does the
chgracterisation of platonism which we are presently entertaining—the
belief that we have a general capacity, provided the concepts involved
are otherwise familiar, to understand a description of the circumstances
under which a statement is true independently of knowing how to find
out whether they obtain, or even of being in a position to recognise them
should they obtain—does this characterisation involve the unrestricted
validity of that law?

Suppose we have such a capacity and that it is accepted that the
proper form of an explanation of the meaning of any statement is to
stipulate necessary and sufficient conditions for its truth. Then if
PV — P is not valid in some case, it can only be, it appears, because
the truth-conditions stipulated for P and those stipulated for its nega-
tion do not exhaust the possibilities. This, of course, is the direction
Wthl"l arguments against the validity of the law of excluded middle for
certain statements have generally taken. And there is a natural counter
to any su.ch argument. If it turns out that the truth-conditions for P and
1ts negation are not exhaustive, that there is some third kind of possi-
bility, let it be incorporated into the truth-conditions of the negation of
P. This is not just an arbitrary stipulation. Should such a third possi-
bility obtai.n, things are at any rate not as described in P.

What this manoeuvre appeals to is a concept of the negation of a

! As, for example, in 50, §23 (ch. V).
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statement such that not-P is true in any circumstances other than those
given as truth-conditions for P. Such a concept is natural; there is
something amiss with the idea that someone might ur.xderstapd a state-
ment without understanding what was stated by its denial, so an
account of the sense of not-P must be implicit in that for P. Suppose
then that we accept the following formula for specifying the content of
any statement: we specify conditions for the statement to express a
truth on the understanding that its negation will express a truth inany
other circumstances. Then of any statement which we understand, it has
to be true to say that either it or its negation expresses a truth. T}}ere is
thus no question about the unrestricted validity of excluded middle.

Of course, just what range of statements we do ur}d'erst'and will now
depend upon what conditions a satisfactory specification of truth-
conditions has to meet. If the above formula were constrained to
conform to the demands of the logical positivists, it would not be
allowable that we understood any statements other than decidable ones.
But if we are credited with the capacity sketched at the conclusion of §4,
there is in advance no reason why cxcluded middk? should not apply
validly not merely to statements which are not effectively decidable but
also perhaps to absolutely undecidable statements, statements whose
truth or falsity may not be recognisable by any means whgtever‘. Qr,
better, there is no reason why there should not be perfectly intelligible
such statements, to which excluded middle will apply as to any state-
ment whose content has been satisfactorily e?cph‘nned. .

Someone who allowed us to have the capacity in question, and V\(ho
accepted the above truth-conditions schema of meaning-explanation
and the orthodox elimination and introduction rules fo; the qu.antxflers,
would thus appear to be committed to accepting c!asswal logic f01: z;lny
satisfactorily explained statements; it would be 1mmate'r¥al whether
they involved quantifiers, or what size of domain of quantification they

involved.

6. It might be objected that, if the foregoing 19 correct, we cannot
yet have secured a complete account .of what is essential even in
number-theoretic platonism, since nothing has so .fa.r been sald a.b'ou't
the disagreement between platonists and constructivists about infinity,
about what is involved in the platonist conception qf the infinite as
actual. So while we may have the backgroqnd thmkl.ng about tru.t~h,
objectivity and understanding which underpins platonist mthema}gx\,s;
we do not yet have an adequate account even of platonism abou
elementary number-theory. Indeed, to hol.cl the l.)aclfground view as sc;
far characterised would be consistent with re]ec;‘tmg the notion o
infinity altogether, and classical .num.ber-theory along \ynth it.
In order to be clear about the situation, we have to notice that it is in
one way a misleading perspective of the differences between classical
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and intuitionist logic that the respective systems may be so formalised
as to differ only at the level of propositional logic. It is misleading
because it masks the fact that there is disagreement about the meanings
of the quantifiers. Someone might think that such disagreement is an
irrelevance unless it issues in an acceptance of different logical laws for
the quantifiers; whereas what comparison of standard formalisations
shows is that what differences there are are consequences of differencesin
the underlying propositional logic, motivated in the case of platonism
by the philosophical considerations which we have been sketching. But
this, of course, is a confusion. It is true that the explanations of the
meanings of the logical constants in classical propositional logic proceed
in terms of truth-conditions; the truth-tables stipulate the truth-
conditions of complex sentences in terms of those of their constituents.
But, as we have seen, there is from an anti-platonist point of view
nothing in that as such to which exception should be taken. Indeed, it is
clear that if only effectively decidable atomic statements are admitted,
the construction out of them of complex statements by means of a
vocabulary enriched solely by the classical propositional logic connec-
tives can never generate anything other than effectively decidable
statements. Classical propositional logic becomes implicitly platonist
only if fed with non- effectively decidable atomic statements. Thus the
disagreement between platonists and intuitionists at the level of
propositional logic is only intelligible against the background of a
disagreement about how certain non- effectively decidable atomic
statements, to which it is to be applied, are to be understood, and so
about what forms of inference involving them may be regarded as valid.
In particular, if an intuitionist accepted the platonist schema of
meaning explanation described above, he would seemingly leave
himself no room for modifications to classical propositional logic at all.

Consider now any standard first-order language with identity,
enriched with certain individual, predicate and functional constants.
Suppose each predicate constant to be effectively decidable, each func-
tional constant to denote an effectively calculable function, and that the
reference of each individual constant is known. Then, evidently, every
quantifier-free statement of this language will be decidably true or false.
The only manner in which other than effectively decidable statements
may arise 1s by the introduction of bound variables; that is, of quanti-
fiers. Even then, if the range of quantification is finite, non- effectively
decidable statements may still not be constructible. But it is not a
necessary condition of their constructibility that the range be infinite. It
is enough if we lack any criterion for saying that the whole range has
been enumerated.

The language of first-order arithmetic is of course such a language, so
the intuitionists’ refusal to apply classical propositional logic to it is
intelligible only as a repudiation of the classical understanding of the
quantifiers. The differences which, in standard formalisations, are
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apparent only in the sphere of propositional logic here have to be
understood in terms of divergent understandings of the quantifiers,
which do not emerge at all in the primitive quantifier rules but only in
the manner in which the rival quantificational logics subseguent!y
develop. So much is clear; so our question is, what is it specifically in
the classical account of the senses of the quantifiers which is inherently
platonist and to which the intuitionist therefore objects?

There is in classical number-theory essentially only one place at
which an appeal is made to an alleged capacity to grasp truth-conditions
for a statement other than something which devolves into a purely
recognitional capacity. This is the application of the .orthodox expla-
nations of the meanings of the quantifiers, as given in, for example,
Church,! to quantification over infinite totalities. Classically, th(? univ-
ersal and existential quantifiers are simply thought of as generating the
logical product and sum respectively of the set of all statements consist-
ing of the attribution to an object in the range of quantification of the
predicate through which the quantification is made. A_s is now fa_rmhar,
the need to treat the quantifiers, so explained, as logical primitives, as
other than abbreviational devices, does not depend upon our w‘illing-
ness to quantify over domains for which we have no criterion of
exhaustive enumeration. Even where we have such a criterion, it may only
be contingent that some particular conjunction of statements gives the
truth-conditions of a universally quantified statement. Thus the classi-
cal account does not essentially involve, as Wittgenstein proposed in the
Tractatus,? that the quantifiers are capable of definitional elimz'rzg{z'on.
What it does involve is the possibility of explaining the truth-conditions
of a particular quantified statement as those of a paftncular conjunction
or disjunction in all cases where a procedure is a\{allable_ for effecnv?ly
enumerating all objects in the range of quantification, as is the case with
quantified number-theoretic statements. Obviousl.y, however, to pos-
sess the means for so explaining the truth-conditions of a quantlfx‘ed
statement need not amount to possession of the means for effective
recognition whether or not those conditions obtain; it all depends, even
where only effectively decidable conjuncts or disjuncts are }nvol.ved, on
whether we have some criterion for declaring the conjunction, or
disjunction, complete, for closing it off. The kernel of r.mn.lbe{'—theorenc
platonism is an indifference to our lack of any such criterion in the case
of quantified statements whose range is the natural numbers. The
notion of truth for such statements presupposed by the general form of
explanation which they classically receive is thus essentially an objec-
tive one; and the grasp of their meanings thereby attributed to us
irreducible to any capacity of recognition which we actually possess.

We are now in a position to interpret within the frz}mework of our
general interpretation of platonism what it is that constitutes regarding

! 14, section O6. )
2T, 5.52-5.525; cf. Moore’s report in 63, p. 297.
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the natural numbers as an ‘actual’ infinity. It is not so much anything
within the general classical account of the senses of the quantifiers as the
failure of the platonist to appreciate, or, less tendentiously, his refusal
to allow, that the application of the quantifiers to infinite totalities
requires some other account than that which he gives. For the intuition-
ist, the central error of classical number-theory is one of omission: the
classical mathematician fails to make a distinction, fails to see that the
account which he presupposes of the senses of the quantifiers is inad-
missible once the range of these operators is such that they generate
statements for which he cannot guarantee means of decision. But, for
the platonist, the old account extends smoothly to the new case; it does
so precisely because we are supposedly able to grasp an objective
conception of the truth of statements resulting from quantification over
the natural numbers, and over infinite totalities in general. To think of
the infinite as actual is to think of truth as applied to quantification over
infinite totalities in objective terms. This way of looking at the matter
cuts right through the traditional figurative contrast between
mathematical objects being created by some form of constructive
specification and their existing, unspecified, all along.

7. It is clear, however, that an objective notion of truth for
number-theoretic statements cannot defensibly be wholly dissociated
from procedures of verification. Grasp of the sense of such a statement
is grasp of the objective circumstances which it supposedly depicts.
T'wo such statements differ in meaning just in case they are associated
with different such circumstances. This however is presumably to be
consistent with their being true, in one sense, in exactly the same
circumstances, namely, if indeed true, in all possible circumstances.!
The platonist thus requires that our conception of sameness of truth-
conditions be narrower than that of necessary coincidence. Otherwise
he will have no way of explaining the distinctions in sense between
number-theoretic statements with the same truth-value. Indeed he will
have no way of explaning distinctions in sense between any non-
contingent propositions with the same modal value. We require a
notion of the respective circumstances under which arithmetical state-
ments are true which allows those circumstances to be distinct even
when either statement is true whenever the other is.

The issue arises in its simplest form when we are concerned with
statements involving a single quantifier through an effectively decid-
able predicate. Consider a pair of such statements, ‘(n) Fn’ and ‘(n) Gn’. If
there is a distinction in sense here at all, it can only be because the
predicate F differs in sense from the predicate G for the other parts in
each sentence are the same. But, now, it is irresistible to suppose that
whatever difference there is in sense between the predicates F and G

! Cf. Dummett's discussion in 25, p. 588 sq.
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has to be traced back to differences in the criteria of application associ-
ated with them. This is vague, but it is evidently a narrower notion than
that of the necessary co-extensiveness of the two predicates. One way of
getting at the point might be to reflect that, intuitively, different
computer programs might be initially needed to determine the applica-
tion of a pair of number-theoretic predicates which were subsequently
proved to be co-extensive. Loosely, the way of recognising that a
number is F may differ from the way of recognising that it is G,
although subsequently, as a result of proof, either method may serve to
determine the application of either predicate.

If we were pressed to explain the sense in which such a pair of
predicates differ in content, surely we should wish to proceed along
lines such as these. Such an account would be wanted to elucidate the
distinction in sense not just between statements of the forms ‘Fa’ and
‘Ga’, for some particular number, a, but also for statements involving
restricted quantification, for example, ‘(n) Fn’ and ‘(n) Gn’ for n smaller
than some particular k. These statements, too, are effectively
decidable, and an account of the distinction between their decision
procedures is available just in case we have such an account of the
distinction between the procedures associated with F and with G.

When we are concerned with unrestricted quantification, then, the
obvious—indeed, plausibly, the only—strategy for a platonist, if he isto
avoid the Tractatus doctrine of the coincidence in sense of all necessary
statements, is to insist that the identity of the procedure associated with
the predicate through which the quantification is made is to enter into
the identity of the truth-conditions of the resulting statement, even
where the latter is no longer effectively decidable. If the procedures are
different, then so are the statements. i

This suggestion, of course, will have to be extensible to arithmetical
statements involving multiple generality. But such an extension raises
no new issue. Any such statement may be seen as arrived at by means of
applying to an initial pool of quantifier-free atomic statements a process
of replacing individual constants by variables—or by themselves—and
introducing quantifiers and other logical connectives. This process may
in any particular case be regarded as determining a complex function
whose arguments are the senses of the predicates in the statements in
the original pool and whose values are truth-values. The senses, then,
of statements expressing the application of such a function to the senses
of (Fy, ..., F)) and(G,, ..., G,) respectively will thus be the same only
according as the senses of F; and G,, F; and G, etc., are the same; that
is, according as their decision procedures are the same. This account, of
course, would apply irrespective of the degree of logical complexity (or
simplicity) of the resulting statements.

Whether or not this particular proposal is satisfactory, the platonist
requires that ‘ Fa’ may differ in meaning from ‘Ga’ purely because F and
G are associated with different decision procedures; and that this
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difference correspondingly infects any pair of statements, of whatever
degree of logical complexity, which differ only in that one contains F in
all and only the-places where the other contains G. But this is not yet to
say exactly what our conception of the truth-conditions of an arbitrary
arithmetical statement is supposed to be, nor how this suggestion about
sameness of meaning is to be incorporated into it.

Consider an example whose main quantifier governs an effectively
decidable predicate; for instance the, as far as I know, still unresolved
conjecture of Goldbach that every even number is the sum of two
primes. The platonist conception of its truth-conditions is actually a
very natural one. The conjecture is true just in case the infinite conjunc-
tion of statements, ‘4 is the sum of two primes, /and 6 is the sum of two
primes,/and 8 . . ., etc., is true. We are concerned with a well-defined
totality of objects, the even numbers—which, in this example, we can
actually effectively enumerate—and the application to each of them of a
predicate of determinate sense—which, in this example, is actually
effectively decidable. Because of the effective enumerability of the
totality and the decidability of the predicate, we could program a
machine to check the conjecture case by case. The conjecture is pic-
tured, platonistically, as true just in case, however far the machine goes
in the implementation of its program, it will never succeed in finding
a counterexample, an even number which is not the sum of any pair of
its prime predecessors; the conjecture is false if the machine will
eventually succeed in finding such a number.

The situation is exactly similar with Fermat’s so-called ‘last
theorem’ that x" + y™ = 2" has no solution among the positive inte-
gers for n % 1or2. Here we have rather to consider the series of ordered
quadruples of integers and a predicate effectively decidable of each such
quadruple. But the platonist conception of the truth-conditions of
Fermat’s ‘theorem’ is relevantly similar. We could again program a
machine to run through the (effectively enumerable) series of ordered
quadruples checking on Fermat’s ‘theorem’, which is true if, however
far the machine goes, it will never find a quadruple, {x, ¥, 2, n),
(n # 1 or2), such that x" 4+ y" = 2"; otherwise, false.

The platonist thesis about such examples is that we have, in some
such terms, a conception of the circumstances under which they are
true both dissociable from our idea of what it is for us to verify them,
and allowing them to be true in virtue of different circumstances, even
if each is necessarily true. This idea is appreciably less far-fetched
than certain features of the traditional platonist picture. Let I' be a
program for enumerating successive even numbers and checking
that they conform with Goldbach’s conjecture, ® a corresponding
program for quadruples of numbers and Fermat’s theorem. Then
it is extremely natural to insist that we just do understand the possi-
bility that I, no matter how far applied, will never yield a negative
result; that we understand the corresponding supposition about ®; and
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that it is not at all the same supposition, just because I' and & are
distinct. It is natural to express ourselves in terms such as these: that it
is already determinate what in these examples the situation is. Talking in
terms of the program of a machine is one way of emphasising this
idea of determinacy. The application of ® and I' is purely mechanical.
Once these programs are defined, then what their outcome will be in
any particular case is in effect already decided. All we, or the machine,
has to do is to find out what it is.

While we are in this frame of mind, it will make no difference if the
example is one of quantification through a predicate which is not
effectively decidable, for example the supposition that there are infi-
nitely many counterexamples to Goldbach’s conjecture. Here we lose
the connection, present in the other examples, between falsity and
necessarily recognisable falsity; but, for a platonist, this need change
nothing. Whether there are infinitely many counterexamples to Gold-
bach’s conjecture is just a question of the constitution of the programme
I'. It is implicit in I’ whether there are to be any counterexamples to
Goldbach’s conjecture; which numbers, if so, they are to be; and thus
how many there are to be.

Such a statement is, of course, decidable if we restrict its scope to a
finite set of natural numbers. It is only because it concerns an infinite
totality that number theory poses us any mathematical problems. But
for the platonist no new issue of principle arises when we deal with an
infinite totality. Whatever number-theoretic statement we are con-
cerned with, of whatever degree of logical complexity, it is determinate
and decidable whether it holds of any particular finite subset of natural
numbers. How, then, can it be indeterminate whether it holds of the set
of all natural numbers? At any stage at which, if a statement is restricted
to a finite subset of natural numbers, its decision procedure involves
examination of all members of the set, there the application of a
corresponding procedure, when the statement is applied to the set of all
natural numbers, will fail to be effective. There may be infinitely many
such places in a particular case. But the issue raised at each of them will
be determinate in truth-value. And there is in general no reason why
every consequence of the concepts which we employ should be discov-
erable by us.

Let us then rehearse the steps leading to a platonist outlook on the
truth-value of Goldbach’s conjecture. Of any particular even number
we should ordinarily regard it as a determinate question whether 1t
satisfies the conjecture. In accepting, or being prepared to accept,
orthodox arithmetical postulates, we enter into a commitment about
each particular case, even if we do not know what the commitment is.
The step from this ordinary way of looking at things to a specifically
platonist conception of the truth-conditions of the coniecture is prima
facie so slight that it might almost pass unnoticed. Goldbach’s
conjecture, the platonist reasons, is nothing but the truth-functional
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conjunction of all its instances. If it is allowed that each of these has a
determinate truth-value, how' is thereiscope for indeterminacy in the
truth-value of the conjunction? If of any particular even number it is
determinate whether or not it is the sum of two primes, how can it fail to
be determinate whether or not all are? If we are concerned with a
well-defined totality of objects and a predicate well defined for each of
them—par excellence, associated with an effective criterion of applica-
tion—there is for the platonist no question but that we are capable of
understanding the allegation that all objects in the totality do satisfy the
predicate in question. We are capable of understanding it, even though
its *being true’ does not entail the possibility of our recognising that it is
s0.

8. This is indeed an assumption which in other areas we should not
ordinarily question. The generalisations of natural science, while ac-
knowledged to be hypothetical, are not popularly thought incapable of
truth. Nevertheless it is at exactly this point that the anti-platonist or,
henceforward, anti-realist,' for example the intuitionist, must take his
stand. We cannot pass from the determinacy in truth-value of any
statement in some range to the supposition that it is likewise determi-
nate whether all of them are true, unless we can guarantee the existence
of a way of knowing whether all of them are true.

It is at this juncture, finally, that we are able to deploy against
platonism one of the primary strands in RFM. We encounter indeed
one of the main differences between Wittgenstein and the intuitionists.
It is not that Wittgenstein is not sympathetic to the suggestion that
quantification over infinite totalities requires some special account.
Rather, unlike the intuitionists, he would seem to reject the idea of a
conceptual commitment, appealed to by the platonist prior to his making
the move which the intuitionist rejects. Wittgenstein would reject the
supposition that it is determinate whether or not any particular even
number is the sum of two primes. It is irrelevant that we have what we
regard as a purely mechanical procedure for computing the question in
any particular case; for it is not, even so, determined in advance what in
any particular case the outcome will be, that is, what we shall count as
correct application of the procedure if we judge correctly.

It is usual to make free use of the idea of an application of a concept
according with, or failing to accord with, its content. It is in accordance
with the meaning of ‘red’, as we understand it, that it should be applied
to red things rather than blue ones. We think of giving the meaning of
an expression in contractual terms. Once the meaning has been fixed in
a certain way, we are all obliged to make a certain kind of use of the
expression; only that kind of use conforms with the sense of the ex-
pression that was fixed. We are, so to speak, constrained by our

* The terminology is Dummett’s; but the reader had better be circumspect about assuming that
my understanding of it is.
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understanding. If we are to use the expression in conformity with the
way we understand it, or the way the community at large has generally
used it in the past, we have to use it in certain sorts of ways.

The idea that it is already determinate of any particular even number
whether it is the sum of two primes is just a special case of this tendency.
We have given the predicate in question a certain meaning by associat-
ing with it a certain criterion of application, whose appropriateness
follows in turn from the meanings of the simpler expressions involved
in the predicate. We have certain criteria for when the test has been
properly applied. So long as we conform to these criteria, and to the
understanding which we have of the predicate, there is no latitude, no
tolerance at all about the question whether the predicate applies in any
particular case. What comes out has to come out.

Wittgenstein rejects this notion utterly. His grounds for doing so are
to be found in the recurrent discussion of the topic of following a rule.
He seems to want to disallow that it is ever pre-determinate what counts
as ‘doing the same thing again’ or ‘applying the rule in the same way’.
The considerations in question are applied to rules for expanding
decimals, to rules of inference and to rules of use, or semantic rules.
The cases are indeed analogous in relevant respects. In each of these
cases we think of someone’s having learned the rule as that which
explains his capacity to expand \/2, infer properly, apply ‘red’ cor-
rectly; and in each case we think of it as fixed in advance what sort of
behaviour will, in certain circumstances, conform to the rule. The rule
for expanding the decimal, that is, the way we understand the rule,
determines in advance what its nth place is to be. The rules of inference
which we accept likewise determine in advance the transitions from
statement to statement that may be carried out in accordance with
them, and so what may be counted as the consequences of certain
suppositions. Rules of language in general determine how such-and-
such circumstances may correctly be described.

If Wittgenstein’s critique of these ideas is sustained, it is not clear
how we can avoid rejection not merely of the objectivity of truth in
mathematics, in the distinctively platonist sense, but indeed the whole
picture of pure mathematics as something conceptually stable, as some-
thing in which the primary objective and substantial task is not
conceptual innovation but the tracing of the liaisons and connections
between concepts to which we are already committed. The next thing to
do is thus to investigate Wittgenstein’s idea on this issue.

II
Following a Rule

Sources

RFM: 1. 1-3, 113-18; 1. 8-9; v. 32-5, 45-6
BGM: v1. 15-49; vi1. 47-60
PI: 1. 138-326 (but especially 185-242), 692-3
PG: 1.6, 17-18, 52,75

Z: 87, 279-308
BIB: pp. 734
BrB: n.5

LFM: lectures 11; v1; X111, p. 124

1. We use the idioms of a particular application of an expression
‘according with its meaning’, of a particular derivation being ‘required’
by a certain rule of inference, of a particular continuation of an infinite
decimal ‘according’ with its governing rule. These seemingly harmless
ways of talking are subjected to recurrent scrutiny throughout Witt-
genstein’s later writtings. Repeatedly Wittgenstein seems almost to
want to say that there is in reality no substance to the idea of an
expression being used in accordance with its meaning, that there is no
sense in which we, as language users, can be regarded as committed to
certain patterns of linguistic usage by the meanings which we attach to
expressions.

Suppose, for example, that we are cornicerned with some formal
system. When it is determined what are the axioms and rules of infer-
ence, we think of that as already a determination of everything that is to
count as a theorem. In accepting the axioms and rules, we think of
ourselves as undertaking a commitment to accepting certain things as
thecrems; the mathematical task is to uncover what in particular cases
our commitment is. Wittgenstein’s claim is that this is a false picture.
Notwithstanding the fact that proof in such a system is a mechanically
decidable notion, that is, that we may programme a machine effectively
to check any putative proof, there is somehow in reality no rigid,
advance determination of those sentefices which are theorems. To put
the point in its most general form: there is in our understanding of a
concept no rigid, advance deétermination of what is to count as its
correct application.
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We have, according to Wittgenstein, a philosophically distorted
perspective of locutions like:

‘the steps are determined by the formula’,

‘the way the formula is meant determines which steps may be taken’,

‘Fa’ has to follow from ‘(x)Fx’, if the latter is meant in the way in
which we mean it’,

‘if you really follow the rule in multiplying, you must all get the same
result’,

We think, for example, of the meaning of ‘(x) Fx’ as so determined that
it simply will not cohere with an application of this sentence if ‘Fa’ is not
allowed to follow. We think of the meaning of ‘x* + 2’ as so determined
that it is fixed in advance what the reference of this expression will be
for a particular integral value of x. But for Wittgenstein it is an error to
think of our understanding of such expressions as already predetermin-
ing what sort of use of them on future occasions it will be correct to
allow. It is not determined in advance what we shall accept as the value
of ‘x* + 2’ in a particular case, but only that we shall not brook more
than one alternative. Similarly it is not determined in advance how we
shall apply ‘(x) Fx’ and ‘Fa’; it is merely, so to speak, a rule of ‘grammar’
that if we count an individual as ‘not F’, we must be prepared to
conclude ‘not (x)Fx’.

Consider 1. 113/4: Wittgenstein’s objector asks, ‘Am I not compel-
led, then, to go the way I do in a chain of inferences?’ Wittgenstein says,
‘Compelled? After all I can presumably go as I choose.’ The objector
continues, ‘But if you want to remain in accord with the rules you must
go this way.’ ‘Not at all,” says Wittgenstein. ‘I call this accord.’ “Then,’
according to the objector, ‘you have changed the meaning of the word
“accord” or the meaning of the rule’. ‘No. Who says what “change” and
“remaining the same” mean here? However many rules you give me, I
give a rule which justifies my employment of your rules. We might also
say: when we follow the laws of inference (inference rules), then follow-
ing always involves interpretation also.’

Compare this with v. 32. Wittgenstein quotes the idiom, ‘if you
accept this rule, you must do this’. This may mean, he says, that the
rule does not leave two paths open to you here, which is a mathematical
proposition. It could also mean: the rule conducts you like a gangway
with rigid walls, and against this picture he urges the objection that the
rule could be interpreted in all sorts of ways.

2. What is the correct interpretation of these passages? They might
be taken to suggest that Wittgenstein thought that there were always
indefinitely many, equally good, alternative ways in which a rule might
in a particular case be followed. Buf that, we should protest, is surely
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quite wrong, so long as we are concerned with a rule whose sense is at all
precise. Still, it might occur to someone, there is one relatively clear
way in which following a rule could be regarded always as involving an
interpretation. Any rule which we set someone to follow may be applied
by him at some stage in a manner both consistent with his past applica-
tion of it and other than that which we intended. That is, if somebody
suddenly makes what seems to be a deviant application of a rule, there
may be an interpretation of the instructions which we gave him which
both explains his use of the terms in question which coincided up until
now with the use which we intended, and also the further deviant use.
We should say that such a person had misinterpreted our instructions,
that he was following a different rule from the one which we intended.
But it is also, evidently, a possibility that nothing which we say or do
will get such a person to, for example, expand an infinite decimal as we
wish. However many rules we give him, he gives a ‘rule which justifies
his employment of our rules’: that is, he supplies an interpretation of
what he has been told to do under which it can be recognised that he is
indeed doing it.

It might be suggested, then, that Wittgenstein’s thought here is
something like the following: where we think we have grasped the rule
which people intend us to follow—where we think we understand how
to apply a certain predicate, how to expand an infinite decimal—and
now the occasion for a new application arises, there are always open to
us indefinitely many hypotheses about how the expression should be
applied in the new circumstances, how the decimal should be con-
tinued, which are consistent with the applications which we have made
of it so far without being corrected, and which we have witnessed others
make of it. Of course, there is no reason why these alternative
hypotheses should occur to us, and typically they do not; typically, the
use which we make of an expression is quite automatic and unhesitating.
Nevertheless what we regard as following the rule will in this sense
involve interpretation, that we shall, perhaps unconsciously, have picked
on one of the available hypotheses as being the one which other language-
users are applying, the one which our teachers intend us to apply.

According to this suggestion, Wittgenstein’s point would not be that
the same rule, be it vague or not, always permits application in indefi-
nitely many ways. Rather it would be that there are always, on the basis
of any normal training in and exposure to others’ applications of the
concepts involved, indefinitely many equally viable interpretations of
which rule it is that we are intended to follow. And Wittgenstein is
drawing our attention to the possibility of someone who fixes on an
unintended interpretation of the instructions which we give him, and
who, having done it once, proceeds to go on doing it, despite our best
efforts to clarify to him what it is that we wish him to do. This is to be
expected of course if he possesses some alternative understanding of the
terms in which we attempt to clarify the original instruction; and, in
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any case, no matter how many examples and how much patter we give
him, it will all be consistent with an indefinite variety of interpretations
of the intended rule.

Of course when, as in the passage cited, it is the deviator himself who
supplies the alternative interpretation which explains his behaviour, it
seems that, if he is not being disingenuous anyway, the difficulty cannot
be a very deep-reaching one; for if he is in a position to explain to us
what he thought we meant, we are likely in a position to explain to him
what we really did mean. But where we are concerned with somebody
who either does not understand, or who misunderstands the terms in
which we might explain to him what rule it is that we intend him to
follow, so that we have recourse to examples alone, there are available to
him indefinitely many hypotheses to explain whatever examples we
give him.

Indeed, is not the learning of a first language just this same situation
writ large? But then at any stage somebody may, like the man who
continues ‘2004 . . .2008 . . .2012. . .’ in response to the rule ‘Add 2’,
reveal that he hasall along, as we should say, misunderstood the manner
in which some expression is to be applied. And if he misinterpreted his
original training, he may subsequently misinterpret any attempt to
re-educate him; all this while using the expression, as it seems to him, in
a perfectly consistent and regular way.

Now, how might these considerations be thought somehow to bear
on the locutions which we considered: ‘The way the formula is meant
determines what steps are to be taken’, ‘If he follows the rule, he must
get thig’, etc.? One suggestion would be that they call in question our
right to speak of the way the formula is meant, the rule. What reason
have we to think that there #s a shared understanding of the rule? If
variations in the temperature of a room were sufficiently localised, it
would make no sense to speak of the room temperature. But is not the
possibility to which Wittgenstein has drawn attention just the possi-
bility that variations in understanding are so localised? Unless we may
reasonably rule out this possibility, we have no right to speak of the
meaning of an expression; for the meaning of an expression is just the
way it is generally understood.

This is, in effect, to suggest that some sort of inductive scepticism lies
at the root of Wittgenstein’s comments. The suggestion might be
amplified as follows. Wittgenstein apparently rejects the idea that the
meaning of an expression is anything which is properly seen as con-
straining a certain sort of future use of it. One way of supporting that
view would be to suppose that a correct account of the meaning of an
expression is at any stage to be constituted by an account of its past uses.
In that case each fresh use of the expression would be independent of
the account so far given, and would, indeed, require a refinement and
extension of it. Of course, a decisive objection to such a view of the
meaning of an expression would be its conflict with standard criteria for
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what it is to misunderstand a meaning. It is by misusing an expression
that someone shows that he does not understand it, however accurate
his knowledge of the history of its use. Knowing a meaning is knowing
how to do something; we are supposed to know how in general the
expression is to be used. This position is thus not really available, nor
am | suggesting that Wittgenstein held it. On the contrary. The pointis
rather that it is but an inductive step from an account of the past use of
an expression to a statement of its general use. The knowledge which we
derive when we learn a first language is, plausibly, nothing other than
inductively based conclusions about how expressions ought in general
to be used, drawn from our experience of how they have been used.
Thus to possess the same understanding of an expression as someone
else will be to have formed, on the basis of suitable training, the same
inductive hypothesis about its correct use. And now, what evidence is
there that widespread, local semantic variation really is a practical
possibility? It would seem, on the contrary, that all the evidence points
to the conclusion that we have each arrived at very much the same in-
ductive hypotheses. The suggestion that it is out of order to speak of the
rule, that is, our common understanding of the rule, would seem to require
that the evidence that we do indeed possess such a common understand-
ing, viz. our continuing agreement about how the rule is to be applied, is
somehow to be discounted. Is Wittgenstein, then, doing anything other
than playing at inductive sceptic concerning general conclusions about
how an expression is to be used, based on samples of its use?

If this were a correct account of it, Wittgenstein’s point would seem
prima facie nothing essentially to do with meaning. The point capital-
ises upon the supposed equi-viability of an indefinite number of incom-
patible hypotheses each of which accommodates one’s data concerning
the past use of some expression; any number of these may actually be in
play in the linguistic community, awaiting only a suitable crucial case to
bring the misunderstanding into the open. But, as Hume and Good-
man' have emphasised, just this is the situation with any inductive
inference. Thus it might appear that the proper way to combat Witt-
genstein’s views, on their current interpretation, would be to solve the
problem of induction: to show that it is simply untrue that there are
always available indefinitely many hypotheses which, on the basis of
certain evidence, may equally reasonably be adopted. If it could be
shown, it might be thought, that where, when attempting a simple
induction, we are confronted with indefinitely many possible
hypotheses, we are nevertheless confronted with only finitely many
probable hypotheses in some sense—hypotheses which, in some objec-
tive way, it would be rational to accept, given the available evi-
dence—then inductive scepticism in general, and so in particular induc-
tive scepticism about meaning, would be vanquished. In the case of an
induction about the correct use of some expression, it could be

' Hume locus classicus: 48, § 1v; Goodman 40, ch. .
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expected, provided the language were used in a consistent way, that all
reasonable beings would, sooner or later, arrive at the same hypothesis.
There would be in practice no possibility of deep, ineradicable mis-
understanding of the kind Wittgenstein imagined.

It is worth noticing, however, that it is incorrect to assimilate the
problem of countering Wittgenstein’s view, on this interpretation, to
that of meeting the traditional epistemological difficulties with induc-
tion. If Wittgenstein’s position about meaning were that of inductive
sceptic, it remains the case that there would be an important difference
between his position and that of inductive scepticism in general. For
how are we supposed to have learned which procedures are rational,
which type of hypothesis, although consistent with the data which we
possess, we may nevertheless rationally eliminate? If it was right to
admit at all that we are confronted, in the process of learning any
concept, with at any stage indefinitely many possible hypotheses about
its correct application, then the same admission must be made with
respect to the notion of rationality, in particular with respect to the
notion of a rational inductive inference. And now our rationality cannot
be invoked, at any rate by an empiricist, to cut the number of poss-
ibilities open to us down to size, since it is rationality itself that is
supposed to be being explained to us.

A solution to the problem of induction which took the form of
showing that one can always advance, given adequate data, to a situ-
ation where it is rational on the basis of that data to accept only one
particular hypothesis would not effectively ‘countermand a general
inductive scepticism about the identity of people’s concepts in some
area, and in particular about our concepts of the correct use of certain
expressions. If the problem is that of giving a reason for thinking that
we all possess the same understanding of some expression, that we
intend to use it in accordance with the same governing hypothesis,
inductively arrived at, then it is no answer to suggest that that at any
rate will be the position if, on the basis of a sufficiently wide experience,
we have arrived at our respective hypotheses by purely rational
methods. This reply would simply push the difficulty back into that of
giving a reason for thinking that we operate in accordance with the same
notion of a sound, or rational, inductive inference. If we represent
inductive scepticism in general as essentially questioning whether it is
rational to believe one, rather than any other, of the indefinitely many
hypotheses which can be used to explain any particular finite set of data,
then it is a peculiarity of the application which Wittgenstein, on the
present interpretation, makes of it here that it is immune to what for any
other application would be a solution of the difficulty. It will be no
reason for supposing that we have all achieved the same understanding
of some expression that we will at any rate have done so if our conclu-
sions are all rationally based, unless a reason can be provided for
thinking that they are.
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That, then, is one interpretation' of Wittgenstein’s thought on the
issue. But it is not a very promising interpretation. For it consists in
drawing attention to a possibility which by ordinary criteria we have
every reason to exclude. The amount of successful linguistic commerce
which goes on, and the variety of situations in which it takes place,
constitute by any ordinary standards overwhelmingly powerful induc-
tive grounds for supposing that we share a common understanding of :
most of the expressions in our language. And there are independent
practical reasons, apart, that is, from the success of our use of language,
for thinking that this is likely to be so. For example, we should expect
there to be a practical limit on the number of alternative hypotheses
which people could competently handle or imagine; so in practice it
would be quite likely that one’s training in a concept would determine it
to within uniqueness. After a certain stage we would simply be unable
to see alternatives. In addition, it is likely that certain features of a
situation in which a concept is applied will always strike a learner as
dramatically more noticeable than others, so that certain possible
hypotheses to account for the pattern of usage which he is experiencing
will simply be ignored; and we learn a first language at sufficiently
tender an age to make it plausible to suppose that our dispositions to be
struck by certain features and to overlook others are largely innate, and
so largely shared.

To a philosopher disposed to sympathise with the sceptic such
considerations will seem enormously feeble, of course. But Wittgen-
stein was not so disposed. Indeed, the present interpretation of his ideas
on rule-following runs counter to the whole approach of Wittgenstein’s
later philosophy towards traditional epistemological problems. This is
the philosopher who wrote (v. 75):

The danger here, I believe, is that of giving a justification of our pro-
cedure when there is no such thing as a justification and we ought simply
to have said ‘that’s how we do it’, -

and (v. 33):
To use a word without justification does not mean to use it without right.

Wittgenstein did not believe that we owe the sceptic an explanation of
the justice in our ordinary procedures of inference;? on the contrary, it
was a symptom of an erroneous philosophical outlook, a distorted
perspective upon the nature of those procedures, that we find ourselves
with the capacity to take scepticism seriously. So we need another
interpretation.

3. There is at several places in Wittgenstein’s later philosophy

! Cf. Blackburn 6, pp. 141-2.
* Cf. PG 1. 55, 61; BGM v1. 31; OC 150; and many other passages.
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evidence of sympathy with anti-realist ideas in the sense dis-
tinguished in the previous chapter, evidence, that is, of a hostility
towards any notion of truth for certain statements dissociated from
criteria for their verification. For example, a desire to identify
mathematical truth with provability is evident in the discussion of
Godel’s theorem in RFM (Appendix I). Similarly he claims (1v. 11)
that to say of an infinite series that it does not contain a particular
pattern makes sense (my italics) only when it is determined by the rule
that the pattern should not occur. And here it is clear that he means
there to be in the rule only features which we have explicitly put there,
and so are in a position to recognise, for he goes on to say:

When I calculate the expansion further, I am deriving new rules which the
series obeys.

It is also plausible to regard the general emphasis on the necessity fqr
proofs to be perspicuous, or surveyable, as an application of an anti-
realist outlook. Consider, for example, 11. 2:

I want to say: if you have a proof pattern that cannot be taken in and, by a
change in notation, you turn it into one which can, then you are producing
a proof where there was none before.

So if it is true that something is a proof, then, according to Wit.tg.en-
stein, it must be possible for us to recognise that it is so, to ‘take 1t_m’.
There is no question of something having the status of a proof which,
because of its length or complexity, or for whatever reason, cannot be
used as a means of persuasion. ' .

Perhaps the most conspicuous example in Wittgenstein’s late philos-
ophy, however, of an appeal to anti-realist notions is to be foupd in thf:
Investigations in the discussion of private languages. Consider this
(chopped) quotation from 1. 258:

I want to keep a diary about the occurrence of a certain sensation. To this
end I associate it with the sign ‘S’, and write the sign in the calendar for
every day that I have the sensation . . . I _remember the connection
between the sign and the sensation right in the future. But in this case I
have no criterion of correctness. One would like to say, whatever is going
to seem right to me is right. And this only means that here we can't talk

about ‘right’.

But why may we not talk about ‘right’? I use ‘S’ correctly on any
particular occasion just in case the sensation which I have on that day
really is the same as the sensation which it was my original intention to
describe as ‘S’. Wittgenstein’s objection is that I have no criterion for
saying, no method for determining, that the two sensations really are
the same, i.e. are relevantly similar; I have no way of making a distinc-
tion between seeming to myself to be using ‘S’ correctly and really doing
so. Wittgenstein wants it to follow that there therefore is no distinction
here between a correct description and a merely seemingly correct
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description. Whereas, he wants to suggest, it is a necessary condition of
someone’s being said to use an expression correctly that such a distinc-
tion can be significantly made. But, whatever the merits of that claim,
there s a clear repudiation of an objective notion of truth in Wittgen-
stein’s transition from the impossibility of our effectively making a
distinction of a certain sort to the conclusion that there is no such
distinction.

To avoid misunderstanding: I am not claiming at this point that
Wittgenstein’s late philosophy was globally anti-realist, nor even that
this is quite obviously the correct interpretation of the examples which I
have cited. I am claiming merely that it is a plausible interpretation of
those examples, and that it is therefore in point to consider an account
of his thought about the topic of following a rule of an essentially
anti-realist sort,

Itis not difficult to see how such an account would go. Wittgenstein’s
examples suggest that we have no way of conclusively verifying that we
share our understanding of some expression with someone else, that on
some future occasion our respective uses of the expression will not
diverge so radically that we shall be driven to regard the meanings
which we attach to it as different. If this is allowed, then we are
implicitly taking the supposition that two people do agree in the way in
which they understand some expression as equivalent to some open set
of statements about their behaviour in actual and hypothetical circum-
stances. Plainly nothing does count as recognition of the truth of such a
set of statements, so, for an anti-realist, nothing counts as the fact of its
truth. From this point of view, talk of the specific way in which
someone understands an expression is admissible only if we possess
some means of verification of how specifically he does understand it.
But we have no such means; and thus there is no fact of his understand-
ing the expression in some particular way.

On the first, sceptical interpretation of Wittgenstein’s position, the
trouble with talk of someone’s application of an expression according or
not according with the rule was the presumption of the rule as some-
thing public, the presumption of largely shared understanding of it.
The problem of the sceptic was, what right have we to suppose that
there is such a shared understanding? From the point of view of the
current interpretation, the very content of this question is dubious. If
there 1s no way of knowing that people share the same understanding of
an expression, then just for that reason there is for an anti-realist
nothing to be known; there are no intelligible truth-conditions for the
supposition that their understanding is shared. The difficulty, from the
point of view of the sceptic, of having the right to suppose that under-
standing is shared transmutes, when we shift to an anti-realist stand-
point, into the problem of giving sense to the supposition that it is
shared. But, from either standpoint, the idea of the rule for the use of
some cxpression as something which we do share, something which we
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all ingest during the period when we learn the language, is inadmissible.
Either—sceptically—there is no way of knowing that someone’s
understanding of an expression coincides with one’s own; or—anti-
realistically—there is no such thing as the fact that it does.

4. Quite apart from the question of the correct interpretation of
Wittgenstein’s remarks on following a rule, the foregoing is obviously a
problem in its own right. The natural response would be to admit the
notion of truth for the supposition of shared understanding which the
sceptic exploits, and then attempt somehow to play down the interest of
the considerations which he proceeds to advance. But where do we get
such a notion of truth from? How do we arrive at it? For the whole point
is that we have no direct experience of what it is like for such a statement
to be true. On the other hand, it seems plausible that a radically realist
notion of the truth of such a statement is embedded in our customary
habits of thought in this area. When somebody, expanding an infinite
decimal, makes a total hash of it after some point, we say that that shows
that he did all along not understand what we meant. Would such a
description still be legitimate from an anti-realist point of view? It
might seem not on the following grounds. When the person in question
was earlier coping quite smoothly with the expansion of the series, in
what, from an anti-realist point of view, was his misunderstanding then
supposed to consist? In the truth, presumably, of the supposition that at
some later stage in the series he would get it wrong. But it may be that
there was then available absolutely no reason for supposing that that
was so, that no one could reasonably have predicted that misapplica-
tions of the rule would subsequently take place. If the anti-realist
allowed, however, that the subsequent misapplications showed that our
man did all along misunderstand the rule, then surely he has to concede
that, had it been asserted earlier that there was a misunderstanding, the
assertion would have been true. And now what has become of his prized
connection between truth and verifiability?

One response would be that this is to interpret the desired connection
too narrowly. An anti-realist who wished to retain in these circum-
stances the appropriateness of the description, ‘so he misunderstood all
along’, could indeed not insist that the truth of a statement at a time
required its verifiability at that time, except at the cost of severing the
equivalence between ‘p was true at ¢, asserted at a time later than ¢, and
‘pistrue’, asserted at ¢. But why should the connection not take the form
merely that if a statement is true at ¢, it must sometime be possible to
recognise its truth-at-z? On this account, the idiom ‘so he misunder-
stood all along’, remains available to an anti-realist just in virtue of its
being a description for which we have a criterion of correct application.

Intuitively, however, this does not seem satisfactory. What appears
unavailable to the anti-realist is the intended point of the idiom. The
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whole point of saying, ‘so he misunderstood all along’, as we ordinarily
conceive of it, is to suggest that the foundations of the misapplication
which someone makes were already laid before he made it; that some-
thing was already true of him in terms of which, had we known about it,
we could have anticipated and explained the misapplication. This
seems to require a more substantial notion of truth for the assertion ‘He
misunderstands the rule’, made before the misapplication, than some-
thing imposed merely by the subsequent justifiable assertability of ‘He
misunderstood all along’ and the standard liaisons between tenses.

One way of reinforcing this is as follows. Where we are prepared to
say that someone misunderstood all along, we should also say that, had
he been given the crucial case earlier, he would have revealed the same
misunderstanding. What grounds are there for preserving such a
connection with this counterfactual conditional if his former
misunderstanding just consisted in its being the case at an earlier time
than he would at a later time misapply the rule?

5. Our present concern is not with the implications of anti-realism
for the notion of understanding or for the tenses, but only with its
capacity to furnish an interpretation of Wittgenstein’s ideas on follow-
ing a rule. And it is in fact clear that neither the sceptical nor the
anti-realist interpretations so far considered will do, and for a shared
reason. On both of these interpretations, at any rate as far as they have
been developed, the difficulty has to do with the understanding which
another has of some expression, of the rule which another is following in
writing out the expansion of some infinite decimal. For the nature of the
understanding of someone else we have only the evidence of what he has
so far done. Both interpretations fasten on the point that this is never a
decisive verification of the nature of his understanding. But, intui-
tively, the situation would seem to be quite different in one’s own case;
nor, in order to make the contrast out, do we need to think of our own
understanding of an expression as anything other than a disposition to
use it in certain ways.! Quite simply: each of us, in his own case, is not
dependent upon inductive means to know what his linguistic dispos-
itions are for any particular expression. Knowledge of the character of
one’s own understanding does not seem to be inferential at all; at any
rate, it does not have to be based on inference. It is better assimilated to
knowledge of one’s own intentions.

It is consistent with both interpretations of Wittgenstein’s position so
far considered that each of us may be credited with the capacity to know
finally how he himself understands some expression, what rule he
himself is following. We speak of ourselves, for example, as grasping ‘in
a flash’ what rule governs a series when given the initial elements; and
even if it is not the intended rule, we can then at any rate be absolutely

! —whether or not such a view is conceived to be satisfactory.
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certain of the understanding which we have of how to continue the
series. Even if I cannot know what rule another is following, I can be
certain, we would ordinarily allow, of the rule which I am following and
of what it requires me to do. We are tempted to think that we can in
some sense survey the whole future pattern of our use of an expression,
provided we use it sincerely (cf. 1. 123, 130.).* Specify circumstances to
me and, in contrast with the situation with other people, I can be
absolutely certain how in those circumstances I would, if T did so
sincerely, apply some relevant expression.

Both the interpretations of Wittgenstein’s position so far considered
leave intact the possibility of such a first/third person asymmetry with
respect to knowledge of how someone understands. But the idea of
privileged access to the character of one’s own understanding is, I
believe, Wittgenstein’s primary target. Consider the following pas-
sages. I1. 8:

If you use a rule to give a description,

—of what someone is to do—

you yourself do not know more than you say; that is, you yourself do not
foresee the application which you will make of the rule in a particular case.
If you say, ‘. . . and so on’, you yourself do not know more than ‘and so
on'.

And v. 35:

Of course we say, ‘all this is involved in the concept itself'—of the rule for
example. But what this means is that we incline to these determinations of
the concept. For what have we in our heads which of itself contains all
these determinations?

For Wittgenstein, we do not have, even in our own case, advance
knowledge of the manner of employment of an expression which we
shall regard as conforming to the way we understand it; the knowledge
which we seem to have here, and which we cannot have for a third
person, somehow comes to nothing. It remains to see why.

6. There is a natural response to the example of the man who
persistently misunderstands the rule which we are trying to get him to
follow. It is to protest that while, of course, someone may always hit on
an unintended meaning for some expression, or extrapolate from our
examples some rule for the series other than that which we meant, it
does not follow that there is no room for the idea of the correctness of

1 On ‘grasping in a flash’, gee specifically: Pr1.138-9, 151-2, 155, 179-81, 191, 197 and 323.
Cf. LEM lecture 11, p. 26 sq.
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our and his subsequent use of the expression relative to our respective
understandings of it, or of the correctness of our and his continuations
of the decimal relative to our respective understandings of which series
is involved. Somebody may, of course, misunderstand our expla-
nations, and so may not use an expression in the way that we wanted
him to. He may, for example, be struck by some, from our point of
view, incidental feature of the examples which we give him, and so form
a notion of what justifies the application of the expression quite other
than what we intended. But that does not squeeze out the idea of the
relative correctness of his and our uses of the expression. In such cases
we can always in principle recognise that if that is what he means, when
the meaning is specified to us, then his use of the expression is entirely
understandable and correct. And even if we cannot finally be certain
what he does mean, we can still recognise the correctness or incorrect-
ness of what he does, relative to some hypothesis about what he means.
Perhaps it could happen, as Wittgenstein suggests, that we might never
get him to see what we mean, nor be able to form any clear impression of
what he might mean; but nothing has been done to rule out the
supposition that, could we do both these things, we and he could
recognise of each other that we were using words intelligibly and
correctly. It follows that nothing has been done to undermine the idea of
using an expression in accordance with its meaning; we still have the
phenomenon of our capacity to recognise the kind of use of an ex-
pression which a particular interpretation requires.

In what sense, though, do we really know the kind of use of an
expression which a particular interpretation requires of it? Presumably,
this is just to know the kind of use which we should be prepared to make
of expressions involved in specifying the interpretation, that is to know
how we understand those expressions. The sense in which we feel our
own understanding of an expression to be transparent to us is that of
possessing a general idea of the kind of circumstances in which we
should be prepared to apply it, if using it sincerely; and the application
of ‘the expression accords with the way we understand it when it is
applied in circumstances which are, as it seems to us, of this kind.

Wittgenstein points out that talk of the description which our under-
standing of certain expressions willallow us to give of particular circum-
stances suggests certain distortions. It makes the judgment sound
essentially complex, as if we somehow ‘measured’ the circumstances
with the meaning or compared them with a set of paradigms. But the
range of circumstances in which we should confidently apply the ex-
pression may very well include cases of a sort other than those we have
already encountered, or which we might imagine when asked to intro-
spect the character of our understanding of it; to what are we being
faithful when we apply the expression to such a case? Besides that,
when we are disposed to apply the cxpression to a new case, this need be
no more than a simple response, like our responses to colours (1. 3).



34 Part One: Mathematics as Modifying Concepts

We shall not, presumably, quarrel with either of these points. Rec-
ognition of something may be absolutely simple and immediate; and we
may find ourselves with definite linguistic responses to situations
strictly unlike any previously experienced or anticipated to which we
made, or would have made, a similar response. But these considerations
only tell against certain notions which we might have been tempted to
invoke to support the idea that we are committed to certain definite
patterns of use by the way we understand expressions; it is harder to see
that they tell against the idea itself. To be sure, we are not always
committed by exact precedents; and it is not always appropriate to see
us merely as tracing out the verdict of some complex test, when we
judge whether some expression applies. But, as suggested earlier, may |
not know the kind of circumstances my use of an expression will signal
just as a special case of knowledge of my own intentions?

To see the character of Wittgenstein’s objection, it is in point to
consider the following argument. Suppose we have a semantic rule for
the application of a predicate F: F is predicable of an individual just in
case that individual satisfies the condition of being ¢». Now, recognition
of understanding seems first/third person asymmetric just in the sense
that such a rule may be recognisably correct as an account of one’s own
understanding, whereas as an account of the understanding of another
it is always hypothetical. Of course, it is not in general possible to
specify such rules in what seems to be an informative way; it is not in
general possible to specify an appropriate ¢ for an arbitrary F without
using F. But it is immaterial to the status of the rule as a correct
description of the sense of F whether that is the situation; all that is
affected is the potential utility of the rule as part of an explanation of the
meaning of F to someone who does not yet understand it. (If F features
in the spemflcatlon of ¢, there is, to be sure, a greater temptation to say
that someone’s undertaking to follow the rule in his use of F is worthless
than if it does not. If there is a doubt whether someone understands
‘green’, we should ordinarily be partly reassured if he announced that
‘green’ to him means the colour between blue and yellow in the spec-
trum of white light, and totally unreassured if he tells us that he applies
‘green’ ‘only if things are green’. This would be a perfectly reasonable
reaction if there was no reason to doubt that he understood ‘blue’ and
‘yellow’ and was familiar with the sequence of colours in the spectrum. )

What then is the argument? Consider any such semantic rule. It is
irrelevant to the argument whether ¢ is informatively specified, but
more natural to suppose that it is. The question is, what is it for it to be
true that such a rule faithfully incorporates a particular group, or
individual’s, understanding of F? For they and we may sincerely agree
about the correctness of such a rule, and then go on, sincerely and
irresolubly, to apply F in mutually inconsistent ways. It is not open to
us to protest that all that follows is that they use F in accordance with a
different rule. We agreed on how the rule for F was to be characterised;
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but now, it seems, we want to reserve the right to offer some other
characterisation of what governs their use of the expression. (Though,
of course, there is no necessity that such a characterisation will occur to
us.) But from their point of view the initial characterisation remains
perfectly adequate; it is of our use of F that a re-characterisation of the
determining rule is required. But then, what content is there to the idea
of a correct characterisation of our and their respective rules? And if
there is none, how can we characterise the nature of the rule which we
follow, if we wish to describe our use of F?

The knowledge which we suppose ourselves to have of the nature of
our own understanding of an expression is, in this terminology, know-
ledge of the rule, or set of rules, which we follow in our use of it. But
what is it to know what these rules are, if it is not to be able to recognise
as such a correct characterisation of them? We should conclude, it
therefore appears, that we do not know what these rules are; for in the
situation just described the same characterisation was ‘recognised’ to
apply to what turned out to be different rules.

Specious as it may seem, this argument is decisive unless we are
prepared to allow that it is only relative to his own understanding of the
terms involved in it that a rule adequately characterises someone’s
understanding of a predicate F. Thus each of us knows what rule he is
following, and we all give the same characterisation of the rule; each of
us indeed recognises the correctness of the characterisation. It is just
that the characterisation may mean different things in different
mouths. But the price of allowing us this capacity is that we cannot
convey to anyone else how our understanding is properly characterised.
The dilemma is therefore this. If disagreement in use is taken to show
that someone gave an incorrect characterisation of his understanding,
then, since there is no way of recognising who, none of us can be said to
know that his own characterisation was correct, nor therefore to know
how he understands the expression; unless this knowledge is to be
something which he cannot state. On the other hand, if it is allowed that
everyone may have given a correct account of the rule which he follows,
then since, from the point of view of person A any old manner of
application of F by B is accounted for by B’s rule, no one has actually
given any account of his rule for F; no specific expectations on A’s part
are licensed by the supposition that B follows the rule which he, B, has
stated.

The two horns of the dilemma come indeed to the same thing: if I
know how I understand F, what I know I cannot convey to anyone else.
But is there not independently a great temptation to think just that?
Even where the specification of ¢ contains F, something is intended by
someone’s assent to the rule which he does not succeed in conveying. If
you say that you call only green things ‘green’, don’t you at least know
which circumstances you mean? You think of something green and say
to yourself: ‘I call that sort of thing green’, and this information—of the
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sort, not the particular item, which you mean—is something you cannot
get across to me.

This is the notion to which the supposition of certain knowledge of
one’s own understanding, and hence of what conforms to it, is finally
reduced, and which Wittgenstein wishes to oppose. For Wittgenstein,
there is nothing in the idea of my meaning something by an assertion
which someone, who by ordinary criteria understood it, would not have
learnt. But this is not our ordinary outlook on the matter. My assent to
the rule, we feel, is always informative for me, as it were; I know what
kind of pattern of use I am committing myself to. When I assent to the
rule: F is to be applied only to individuals which are ¢, I commit myself
to a quite determinate way of using F, even if I cannot finally make
plain to others what this way of using F 1s to be,

For Wittgenstein, there is no such determinate commitment. I have
no privileged knowledge of the total range of circumstances in which, if
I am faithful to my understanding, 1 shall be prepared to say that
condition ¢ is satisfied. Partly it is, as was pointed out earlier, that some
of these circumstances may be unlike any that I have previously visual-
ised or encountered. Proofs are a particularly good example of this.
‘But,’ it will be retorted, ‘they will not be unlike in any relevant respects,
or you would not presumably be prepared to describe them as F.” And
that is right. The point is, rather, that my judgments of likeness here are
consequent upon, rather than the basis of, my judgments about the
applicability of F. Of course, our successive applications of an ex-
pression all seem quite familiar to us, at any rate when made sincerely.
But the feeling of familiarity and the disposition to re-apply the same
expression are all the same thing, so to speak. There is not, in the end,
any ulterior question of justifying the feeling of familiarity, of vindicat-
ing the disposition.

What content do I attach to my intention to call just green things
‘green’, which I cannot convey to you? Suppose I am asked to concen-
trate on that content; what kind of thing will I do? I might look around
the room at the various green things in it, visualise a few others, conjure
up some memories of green things. ‘That’s the kind of thing I mean’, 1
might say to myself: ‘That’s the kind of thing which I always call
“green”.’ But where in that is the commitment to a certain determinate
pattern of future use? For whenever in the future I am prepared to call
something ‘green’, I shall count it just on that account as being that kind
of thing. The point is essentially that of the passage quoted earlier from
the Investigations concerning the idea of a private rule of language.
Naturally, when I use the word ‘green’ sincerely on future occasions, it
will seem to me that my use is familiar, is of the same pattern to which I
earlier committed myself; just that is incorporated in the adverb
‘sincerely’. But how can I give sense to the idea that it really is of such a
pattern, that there is an objective similarity in the circumstances in
which I apply ‘green’ which God, for example, could discern?
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Wittgenstein wants to insist that actually we can give no sense to this
idea. We talk of our using words in the same way and knowing of
ourselves at least what this way is, and how we intend to continue. But if
there were really any objective pattern which I follow in my use of the
word ‘green’, then it is conceivable that while seeming to myself to be
using the word in an essentially consistent way, my employment of it
might actually be quite chaotic and irregular. In that case my private
assent to whatever it is which I think I mean, and cannot convey to you,
by my intention to apply ‘green’ only to green things fails totally as an
effective commitment to a certain way of using ‘green’. All that I can
effectively intend to do is to apply ‘green’ only when it seems to me that
things are relevantly similar; but that is not a commitment to any
regularity—it is merely an undertaking to apply ‘green’ only when I am
disposed to apply ‘green’.

Asked to concentrate on what we mean by an expression F, we tend, as
remarked, to concentrate upon past occasions on which we have applied
it, and to visualise others in which we would apply it. We focus, it might
be said, on our idea of what it is to be F'; and if we do not employ the
picture of carrying the idea with us as a means of assessment of future
circumstances, we come very near to it. The truth is, however, that to
describe our successive sincere uses of an expression as based on the
intention to preserve a certain pattern, a pattern which for each of us is
knowable only to himself, is to misdescribe what using an expression in
accordance with one’s understanding of it amounts to. We simply find
ourselves with a sincere disposition to apply F again in this new case, and
that is the whole of the matter. If sense could be given to the idea of an
objective similarity between the cases, then, to adapt a simile from the
Investigations, God could look into our minds, see what similarity it was
which we intended to describe by the use of F and so predict the future
occasions on which we should use F, provided we used it in accordance
with our intentions. But without such an objective notion, even God
cannot know what specifically, if we carry out our intentions, we shall do;
if my intention to apply F in ¢-circumstances is to license any specific
expectations, there has 10 be some other account of when circumstances
are ¢ than in terms of my disposition to apply F. If there is no other
account, then just to know my intentions is to know nothing at all.

What, then, is the correct account of what seemed to be a first/third
person asymmetry with respect to knowledge of how someone under-
stands? The asymmetry came out in the temptation to say that if you tell
me that you intend to apply ‘green’ only to green things, you tell me
nothing at all abcut how I may expect your use of ‘green’ to go; but,
from your point of view, there can be something which you intend to
say by this, and which you know to be true. Now, however, it appears
that this seeming-knowledge is spurious. It is spurious because what-
ever sincere use you make of ‘green’ in the future will seem to you to be
doing what you tried to tell me that you would. And the point, of
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course, applies equally to expressions whose senses are complex and for
which an informative criterion of application could actually be formu-
lated; for in employing such a criterion simple classifications must at
some level be involved, and with respect to these we have again no
notion of objectivity, save that afforded by the backdrop of communal
consensus, with which to underpin our classificatory dispositions.

There is thus no respectable sense in which I can be sure how I shall
use some expression, if I use it sincerely, and in which I cannot be so
sure about you. Of course, I cannot be sure about you; that is, I cannot
rule out the possibility that you will later sincerely make what seem to
me quite baffling uses of some expression, which force me to suppose
that you understand it differently. And that much, at least, I can rule
out in my own case; I shall not be baffled by whatever sincere uses I
make of some expression in the future. What is wrong is the tendency to
inflate this knowledge into assumed knowledge of a pattern in my use of
the expression which it is my intention to preserve. I know of no such
pattern for I have no way of determining whether it is continued; 1
merely find myself inclined to reapply the word in this new case.

The effect of all this is that it is wrong to think of our understanding
of an expression as something determinate, something which beyond a
certain point does not grow and which is then applied. If the verdict of
my fellows can alone supply a standard whereby it can meaningfully be
enquired whether I am using words in the same way on successive
occasions, then I cannot, just by personally meaning words in a certain
way, bind myself to a certain pattern of use. The requisite notion of
what it is to continue the same pattern is undermined.

False pictures, then, stand in the way of a correct grasp of the idioms

with which we started: “The way the formula is meant determines what

steps are to be taken’, “This use of the expression accords with the rule’,
etc. These pictures seduce us into thinking of adopting a certain under-
standing of a formula, of accepting a rule, in quasi-promissory terms, as
undertaking a personal commitment to uphold certain determinate
patterns of application. But this supposed ‘commitment’ cannot finally
be made out. For when we are concerned with concepts of sufficient
simplicity, to which, in the end, any case reduces, anything any of us
sincerely does will seem to him at least to be a fulfilment of his
commitment. Wittgenstein’s objection to the pictures in question is that
they lead us to impose upon our primitive linguistic responses to new
phenomena a wholly bogus conception of objectivity.

These ideas are as fundamental to Wittgenstein’s later philosophy of
mathematics as to his philosophy of mind.! We shall return to them
repeatedly.?

! How unfortunate, then—and puzzling—that the Editors chose to omit from the original
edition of RFM the material on this crucial topic which has since appeared in parts v1 and vi1 of
BGM; and that they continue to withhold other of Wittgenstein’s mss. on the subject. Cf. Hacker

and Baker 44, p. 292.
1 It has been suggested to me that chapter x1 might be read at this point, before chapter 111.
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1. Time and again throughout RFM Wittgenstein entertains the
theme of proofs as essentially a source of new concepts, as establishing,
or changing, meanings. The idea contrasts sharply with the ordinary
view that proof effects an exploration within existing concepts; that the
content and correctness of a proof are fixed in terms of concepts whose
character is given independently of the proof.

It is this strand in Wittgenstein’s thought which is largely responsible
for the impression of many commentators that he held some sort of
conventionalist view about necessary truths. Shwayder! describes such
an interpretation of Wittgenstein, as given by Dummett,? as ‘widely
disbelieved’. But a correct account of Wittgenstein’s thought here has to
accommodate passages like the following:

What, then; does mathematics just twist and turn about within these
rules? It forms ever new rules, is always building new roads for traffic by
extending the network of the old ones. But then doesn’t it need a sanction
for this? Can it extend the network arbitrarily? Well, I could say that a
mathematician is always inventing new forms of description, some stimu-
lated by practical needs, others by aesthetic needs, and yet others in a
variety of ways. Here imagine a landscape gardener designing paths for
the layout of a garden. It may well be that he draws them on a drawing

171, p. 69.
123 (2, p. 495).
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board merely as ornamental strips without the slightest thought of some-
one sometime walking on them. The mathematictan is an inventor, not a
discoverer. (1. 165 sq)

I am trying to say something like this: even if the proved mathematical
proposition seems to point to a reality outside itself, still it only expresses
acceptance of a new measure [of reality]. . . Why should I not say: in the
proof we have won through to a decision? (11. 27)

I go through the proof and say: ‘Yes, this is how it kas to be; I must fix the
use of my language in this way’. I want to say that the ‘must’ corresponds
to a track which I lay down in language. When I said that a proof
introduces a new concept, I meant something like: the proof puts a new
paradigm among the paradigms of the language; like when someone mixes
a special reddish-blue, somehow settles the special mixture of the colours
and gives it a name. But even if we are inclined to regard a proof as such a
new paradigm—what is the exact similarity of the proof to such a
concept-model? One would like to say: the proof changes the grammar of
our language, changes our concepts. It makes new connections and it
creates the concepts of these connections. (It does not establish that they
are there; they do not exist until it makes them.) (11. 30 sq)

The idea that proof creates a new concept might also be roughly put as
follows. A proof is not its foundations plus the rules of inference, but a
new building—although it is an example of such-and-such a style. A proof
is a new paradigm. The concept which the proof creates may, for example,
be a new concept of inference, a new concept of correct inferring. . . .
The proof creates a new concept by creating or being a new sign. Or—by
giving the proposition which s its result a new place. (11. 41)

What is the transition that I make from ‘it will be like this’ to ‘it must be like
that’? I form a different concept. One involving something that was not
there before. When I say: ‘If these derivations are the same, then it must
be that . . .’, I am making something into a criterion of identity. So I am
recasting my concept of identity. (111. 29)

Can I say: the proof induces us to make a certain decision, namely that of
accepting a particular concept formation? Do not look on a proof as a
procedure which compels you,but as one which guides you.—And what it
guides is your conception of a [particular] situation. (111. 30)

The proposition, ‘p is unprovable’, has a different sense afterwards—from
before it was proved. If it is proved, then it is the terminal pattern in the
proof of unprovability. If it is unproved, then what to count as a criterion
of its truth 1s not yet clear, and, we can say, its sense is veiled. (Appendix

1, 16)
The question—

whether ‘770’ occurs in the decimal expansion of 7—

I want to say, changes its status when it becomes decidable. For a
connection is then made which formerly was not there . . . However queer
it sounds, the further expansion of an irrational number is a further
expansion of mathematics . . . I want tosay: it looks as though the ground
for a decision were already there; and it has yet to be invented. (1v. 9)
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These passages are a striking illustration of how powerful a prima
facie case can be made for supposing that Wittgenstein was the
‘full-blooded’ conventionalist which Dummett took him to be, for the
conventionalist intentions of this sort of talk seem quite explicit. A
mathematician does not explore; he invents. He supplies us with new
measures of reality, new paradigms; he changes the ‘grammar’ of our
language by creating new connections between concepts, which do not
pre-exist the proofs in which they are established. Our acceptance of a
new proof is best seen, indeed, as a decision—a decision to apply the
concepts involved in a new kind of way.

Wittgenstein’s talk of ‘decision’ runs totally counter to what we feel to
be the phenomenology of accepting a proof. We want to say that the
whole essence of seeing the force of the proof is recognition that at each
stage we have no alternative course save to grant the soundness of
movement to the next stage. Proof excludes loopholes. One is ‘bundled
along’ by the proof. Of course in one sense we can decide to reject a step,
as we can decide, for example, to turn over the chessboard when we find
ourselves in a losing position. But that does not constitute winning at
chess.

It would seem, however, that the general appropriateness of the
notions of decision and invention as descriptive of what goes on when
proofs are given and received just follows from Wittgenstein’s idea,
variously expressed in the above passages, that the effect of proof is to
modify concepts. For unless one’s understanding, for example, of the
conclusion of a proof is left unaltered by the proof, we cannot picture
that understanding as enabling us to recognise the relevance of the
proof to precisely that statement, and so as requiring us to recognise it
as true. Similarly, unless our understanding of the notion of proof, and
of the criteria for the correctness of the steps in a proof, are left
unaltered by the discovery of a new proof, it cannot be solely in virtue of
that understanding that the proof is recognised as sound.

That is: to suppose that the effect of accepting a proof is to change the
sense of its conclusion, or to modify the concept of proof—or any other
concepts which we should ordinarily regard as involved in our recogni-
tion of the proof—seems to leave no room for the orthodox notions that
there is a question of fidelity to those concepts as they were before the
proof was accepted, that it is right to accept the proof just in case doing
so conforms to those concepts, that it is in virtue of one’s understanding
of those concepts that one is able to recognise the proof. If it is in
accordance with the sense of its conclusion that a proof should be
accepted, then how can doing so change that sense? Behaviour in
conformity with a certain concept cannot change that concept. Con-
versely, then, if the sense of the conclusion is changed, then nothing in
the way in which we understood it before can have required us to accept
the proof; and similarly for our criteria for the correctness of the steps.
To accept the proof is a new step in no way imposed on us by our prior
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understanding either of the notion of correct proof or of the concepts in
the conclusion. Hence the appropriateness of the picture of decision.

If we accept this reasoning, then, Wittgenstein’s recourse to conven-
tionalist phrases has to be understood in association with his attraction
to a view of proof as essentially a means of conceptual innovation and
change. If we are to understand the apparent conventionalist strand in
RFM, we have therefore to supply an interpretation of the idea that
proof is essentially an instrument of conceptual change. But first let us
make absolutely sure that this idea imposes a conventionalist view of
proof and necessity in general.

2. As suggested, to think of a proof as changing various of the
concepts which we should ordinarily regard as involved in its ‘recogni-
tion’ would appear simply to squeeze out the standard idea that the
acceptability of a proof depends upon its conformity to such concepts,
which must therefore survive unaltered our actually accepting the
proof. Someone, then, who sympathises with Shwayder’s suspicion of a
conventionalist interpretation of Wittgenstein has somehow to be able
to make out a sense in which Wittgenstein’s tendency to regard proofs as
changing concepts, creating new conceptual connections, laying down
new tracks in language, recasting criteria, etc.—the various forms of
expression which I am lumping together as the thesis of ‘concept
modification—may after all be reconciled with the standard view that
the acceptability of a proof is a matter of fidelity to the sense of its
conclusion and the accepted criteria for the soundness of its steps.
Why, then, should accepting a proof not both conform to the sense of
its conclusion and modify it? Or, in general, why should action in
conformity with a certain concept not also change it? Part of the in-
congruity of this idea is no doubt due to metaphorical association, —as
though, for example, a suitcase should be stretched by filling it
with objects which fitted into it perfectly. But there are more substan-
tial underlying points. The idea of conceptual change is intelligible par
excellence in the sort of case where we can trace the development of a
concept through alterations in the conditions under which its applica-
tion is considered to be justified, where, that is, we can compare the old
and the new conditions. A clear example would be a decision to call
‘green’ a range of shades of colour which we previously regarded as
indeterminate in colour, which we previously were undecided whether
to call ‘green’ or ‘blue’, for example. Such a decision changes the
meaning of ‘green’, our concept of when something is green. But we
may intelligibly ascribe such an effect to the decision only because we
can compare the old and the new concepts. There will be shades of
colour of which we can say that before we changed the meaning of
‘green’, it would not have been clearly correct so to describe them, but
now itis correct. In such a case it is fair to say, as Wittgenstein himself at
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one point suggests (111. 30), that the old concept lingers on in the
background. It lingers on precisely in the sense that the former use of
the word is clear. We could, indeed, introduce a new expression to
mean what ‘green’ formerly meant. ‘Green’ has changed its meaning but
the meaning which it formerly had is still there to be meant, so to speak.
It is only because it is so that we are able to understand the claim that the
meaning of the word has changed.

Now if with Wittgenstein we attempt to maintain that accepting a
proof of a statement changes its meaning, then it ought to be possible,
after we have accepted the proof, satisfactorily to convey what our
understanding of the statement used to be. It ought to be possible to
give an account of how certain concepts have been modified. Part of
one’s natural resistance to Wittgenstein’s suggestion is, of course, that
this does not seem to be possible. It seems to us that nothing changes as
aresult of the proof; indeed, that if we could discern an alteration in our
concept of, for example, the pattern of application of a particular rule of
inference, brought about by the application of it made in the proof, then
the proof would fall short of complete cogency precisely at the point
where that rule is applied.

The counterintuitive character of Wittgenstein’s idea is perhaps best
brought out as follows. Talk of propositions, concepts, mean-
ings—where we are concerned not with psychological notions but with
information a grasp of which is purportedly constitutive of language-
mastery—is naturally held reducible to talk of patterns in the use of
expressions; grasp of the sense of an expression is knowing how to use it
correctly, knowing what sort of application of it successive situations
may require. ‘Concept modification’ thus ought to mean: a change in
the pattern of use of an expression constitutive of its correctness, for
grasp of which we should therefore expect fresh training to be required.
Such is the situation illustrated by the example of ‘green’. The reason
why we want to say, however, that it is typically in virtue of the
understanding which we already have of the expressions and rules
involved that we accept new proofs is that further explanations are not
in general required. Just this simple fact is what underlies our ordinary
idea that correct proofs accord with the way the concepts involved are
understood already. Proofs are recognised without the need for retrain-
ing; indeed, we take the capacity to recognise a good proof as a criterion
for grasp of the concepts involved.

Our immediate concern, however, is not with the plausibility of
Wittgenstein’s idea but with the possibility of co-adopting it with the
ordinary view that any acceptable proof of a statement.S will conform to
the sense of S as it is before the proof; that acceptance of the proof is
mandatory for anyone who rightly understands S. In fact it is easily seen
that Wittgenstein’s idea, if implausible on its own, now becomes imposs-
ible. The question is: after the sense of S has been modified as the result
of its proof, what account can be given of what S used to mean?
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Suppose that there were a statement T, which expressed, after the
proof, what S used to express before it. And now ask what answer are
we to give to the question whether 7 should be regarded as proved by
the proof of S? No answer seems possible. For if the proof is not a proof
of T, then it was wrong to accept it as a proof of S; it was wrong Lo accept
it at the stage when S expressed what T now expresses and the proof was
a candidate for acceptance or rejection. But if we therefore concede that
T must be regarded as proved by S’s proof, how can it be regarded as
now expressing anything other than what .S now expresses? I‘f Fhe _effgct
of accepting the proof as a proof of S was to generate a modification in
concepts involved in the sense of S, so that § came to express what it
now expresses, how can we now avoid allowing that accepting the proof
as a proof of T effects precisely the same modification in its sense? It
appears, therefore, that there cannot in principle be, even by outright
stipulation, any way of expressing what was formerly meant by a
statement whose meaning changes as a result of its receiving a proof
which conforms with its meaning.

What this brings out is that anyone who wishes to combine Wittgen-
stein’s view with the standard idea that the acceptability of a proof is a
matter, among other things, of fidelity to the sense of its conclusion,
cannot avoid setting up a crucial disanalogy between the idea of concept
modification as it applies in the example of ‘green’ above a}nd the kind of
conceptual change which, he wants to say with Wittgenstein, is
occasioned by new proofs. On such a view the proof was a prpof of S
only because this statement expressed what it used to express; it was in
virtue of .S’s former sense that the proof was acceptable, and that the
sense itself changed as a result of our accepting the proof. Hence, as we
have seen, there cannot be a statement which after S’s proof expresses
what S used to express before its proof. In contrast we shogld not
necessarily, in changing our use of ‘green’, affect the meanings of
‘verde’, ‘gran’, ‘vert’, etc. When we fix a new k}nd of application for
‘green’, we change its meaning in the same sense in whxph, by remarry-
ing, I change my wife. My former wife, that is to say, ‘lingers on’. This
is plausibly the only intelligible model for the idea of conceptual
change—at any rate if we think of the meaning of an expression as fixed
by its pattern of use. But it will not serve for the conceptual changes
generated by new proofs on the present interpretation of the matter. On
this interpretation the modification in concepts effected by a propf
cannot be seen merely as a change in the pattern of use of certain
expressions, the former patterns then becoming vacant, so to speak.
The model breaks down because the vacancies essentially cannot be
filled. . ' '

The same point applies to the other concepts which Wittgenstein
suggests undergo modification as a result of the giving of a proof: the
concepts which sanction particular steps in the proof, and the concept

of proof itsclf. Suppose that a proof contains a mathematical induction,
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and that as a result of the proof our concept of such a pattern of
argument undergoes alteration. Can we, having accepted the proof,
give any satisfactory account of what our concept of this form of
reasoning used to be? It would seem that we cannot, for reasons
analogous to those sketched above. For suppose that such an account
were given, and ask of the concept conveyed by the account whether or
not the relevant part of the proof exemplifies it. If not, then our belief
that the proof contained a valid induction, as we understood that notion
before we had the proof, is unfounded; but if we then say that the proof
does exemplify the pattern of inference described in the account, how is
it that what is described is not our current concept of mathematical
induction? For what we have given is an account of a procedure which is
equivalent to the account that would have been given before the proof;
and it was inherent in the sense of the latter to alter as a result of our
accepting the proof.

It thus emerges that our original feeling, that Wittgenstein’s view
about proof and concept modification entails the appropriateness of the
images of invention and decision as applied to our acceptance of proofs,
is vindicated. We cannot coherently combine our usual ways of thinking
about proof and meaning—that accepting a proof must accord with the
sense of the conclusion, that our acceptance of a proof of a statement
commits us to regarding any synonymous statement as proved, indeed
that an application of any expression commits us to a like application of
any synonymous expression—with the view that the effect of proof is to
modify concepts. To attempt to do so is to push the resulting notion of
concept modification beyond all possibility of explanation.

3. Now Wittgenstein, as we know from the previous chapter, will
challenge these ‘usual ways of thinking’ in any case. For him, there is no
sense in which our understanding of an expression commits us to a
particular application of it; in particular, therefore, no sense in which
our understanding of the conclusion of a proof and our criteria for the
correctness of the steps can commit us to accepting the proof. Butitisa
reasonable question whether, even if the orthodox ways of thinking are
rejected, the principle, that a proof of any statement is eo ipso a proof of
any synonymous statement, will not continue to hold good. And if it
does still hold good, then will not the argument of the previous section
apply just as well to Wittgenstein’s view unencumbered by orthodoxy?
Surely, the synonymy principle must survive. But its whole charac-
ter is altered by the rule-following considerations. There can no longer
be a legitimate sense in which by understanding expressions in the same
way we oblige ourselves to be ready to apply one in any manner in which
we are prepared to apply the other. It is rather the other way about.
Synonymy is an equivalence relation between expressions obtaining in
virtue of our readiness to use one in any context in which we are

WOTFOM- -1 =~
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prepared to use the other. Thus we do not in accepting a proof of S
commit ourselves to regarding as proved any statement whose meaning
is the same as that of S; rather it is a necessary condition for a state-
ment’s now having the same meaning as S that we count it also as
proved. The principle, that a proof of a statement is a proof of any
synonymous statement, thus becomes incapable of the kind of applica-
tion implicitly made of it in the argument of the preceding section. To
accept the proof of S was not a matter of ‘fidelity’ to the sense of S at that
time; nor, therefore, did it involve an open commitment to accepting as
proved any statement whose meaning is that of S at that time. What is
true is that no statement will count as synonymous with S now which we
do not now regard as proved.

This response can only have the restricted objective of pre-empting
any attempt to apply the argument of the preceding section to Wittgen-
stein’s view unencumbered by orthodoxy. It makes it not one whit
clearer how the changes are to be properly described which, in Witt-
genstein’s view, are occasioned by proofs. (That is a question which will
exercise us enough in due course.) Still, it blunts both horns of the
dilemma which was posed: if people say that S’s proof is not a proof of
T, it will now be no criticism of that verdict that, by hypothesis, T
means what S used to mean; for accepting S as proved by that construc-
tion was nothing which they owed to its sense—S, simply, has
undergone a modification of sense while T has not. On the other hand,
if they allow that T also is proved by S’s proof, then—enormously
mysterious though it remains how (and indeed what it means to say
that) T might nevertheless mean what S used to mean—it is no longer
allowable to think of their verdict as, so to speak, automatically mutating
the sense of T into the present sense of S.

The concept-modification thesis is thus not as immediately vulner-
able as it would be if interpreted in the manner most grateful to
Shwayder’s ear. But a new and formidable difficulty with it now
emerges. Consider this passage:

Now how about this—ought I to say that the same sense can only haveone
proof? Or that when a proof is found, the sense alters?

Of course some people would oppose this and say: “Then the proof of a
proposition cannot ever be found, for if it has been found, it is no longer a
proof of this proposition’. But to say this is so far to say nothing at all.
(v.7) :

One can imagine a debate in which an opponent of Wittgenstein
developed this complaint into precisely the line of reasoning described
in the previous section; and was then rebutted by the counter that his
objection was making use of the very type of misconception which it is
the point of the discussion of rule-following to explode. And it is the
rule-following considerations, it is plausible to suppose, which underly
Wittgenstein’s off-hand treatment of the prototypical form of the objec-
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tion quoted. Talk of ‘this proposition’, where we intend the meaning
rather than the symbol, amounts, if it amounts to anything at all, to talk
of the way in which the symbol is used, to talk of the kind of use which
we regard as its correct use. But that is a notion which lacks objective
content in Wittgenstein’s view; there is no objectivity to the idea of our
continuing to use an expression in the same way. Of course, there is
such a thing as seeming to continue the same kind of use, or application,
and of seeming to change the use of an expression. But this distinction is
given sense by each of us merely in terms of his disposition to agree
about the use of the expression, or to disagree about it, in a range of
cases. What does it mean, then, to talk of ‘the proposition’ which S
expressed before its proof? What, indeed, does the whole idea of the way
in which we used S before the proof amount to?

Whether or not this correctly represents Wittgenstein’s response to
the v. 7 objection, it is clearly a response he was in a position to make.
And it is tantamount to a rejection of the very notions—proposition,
sense, concept—in terms of which his thesis about the réle and effect of
proof needs to be expressed. So the difficulty is simply this: if there is
no such thing as the determinate, objective pattern of use constituting
correct employment of a particular expression, then what is it which, if
Wittgenstein is right, changes as the result of a proof?

Are we to take seriously the ordinary notion of a correct use of an
expression, the notion of a use which conforms to the general pattern
determinant of its proper use—or are we not? If we do take it seriously,
then the view of proofs which Wittgenstein is commending runs up
against the everyday fact, already noted, that it is not in general necess-
ary to re-explain concepts in order to secure assent to a proof, that
ceteris paribus it is a criterion of his understanding the concepts in play
in a proof that someone is disposed to assent to it for himself. If, on the
other hand, we repudiate with Wittgenstein the notion of a predetermi-
nate pattern of use to which a particular use of an expression may or may
not conform, in what, after a proof is accepted, is change supposed to
have taken place?

The difficulty is acute. It would have been natural to wonder
whether the thesis of concept modification and the ideas concerning
following a rule are separate paths in Wittgenstein’s thought towards
rejection of the standard notion that the acceptability of a new proof isa
matter of fidelity to the sense of its conclusion and the criteria for the
soundness of its steps. But now it appears that, more than being
separate paths, these strands in Wittgenstein’s thought are actually
prima facie inconsistent. Unless one’s understanding of an expression
may be thought to have a determinate character, it seems to make no
sense to speak of a modification in it; but if it may be allowed to have a
determinate character, it would seem that it would at least have to make
sense that certain linguistic moves made with it should accord with that
character. How, then, are we to reconcile Wittgenstein’s sloganising
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about concept modification with his repudiation of the idea that our
understanding of expressions reaches ahead of us to so far unconsidered
situations in a predeterminate way?

4. A possible suggestion would be that the idea of conceptual
change is meant only as a picture, whose réle is preciscly to counter-
balance the orthodox, and distorted, picture of mathematics as an
exploration of determinate conceptual structures, and of proofs as
bringing to light what our concepts commit us to. That proofs modity
concepts is a figure, of which the substance is to be found exactly in the
arguments concerning the non-objectivity of following a rule, of
implementing one’s understanding. The opposing image, that proof
recognition is mechanical, that we are, as it were, prisoners of the way in
which we understand expressions, is, on Wittgenstein’s view, based
upon philosophical errors about meaning. But we know that
Wittgenstein thought of philosophical error as in as much need of
therapy as of corrective argument (see, for example, Appendix 11. 4).
Can we not see the remarks about proof which are puzzling us as part of
such therapy? If so, then, so far from being in tension one with the
other, these two elements in Wittgenstein’s thought go together; one is
a picture for, a therapeutic preparation for adoption of, the other.
The first step in the therapy is to encourage us to think in terms of
new images, to try to break the hold which the traditional pictures have
on us. We shift from ‘discovery’ to ‘invention’, ‘compulsion’ to ‘de-
cision’, from concept exploration to concept formation. What we then
have, however, are still only pictures, themselves in some measure a
distortion. For it is not as if we are to try to interpret our new pictures in
a framework in which it still makes sense to speak of the objective
implications of certain concepts, or the manner of use of an expression
to which a certain understanding of it commits us; a framework in
which change in concepts is still to be understood by contrast with the
idea of their remaining the same. Such a framework would require us to
assimilate accepting proofs to the adoption of new conventions, as with
‘green’ above, which is just what it so far seems impossible plausibly to
do. The character of the therapy is rather more like this: do your utmost
to think of proofs in terms of the model which Wittgenstein suggests,
and you will be provoked to wonder what is really meant by a
‘commitment’ in understanding to accepting certain sorts of sequences
of inference, and to making certain kinds of application of an
expression; and, once so provoked, it will be easier for you to see how
little substance there really is to these ideas, which dominate our whole
thinking about the nature of pure mathematics. -~
On this view of the matter there is in the thesis of concept modifica-
tion no hard philosophical substance other than the claim that errors
about the nature of understanding, in particular about the sense in
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which one may be said to know the character of one’s own understand-
ing of an expression, underlie the usual (platonist) view of proof. But
the difficulty with such an interpretation is that the thesis in conse-
quence ceases to be of special relevance to mathematics. The same
errors, if such they be, are made elsewhere. We think of ourselves as
cotnmitted to accepting the relevance of certain experiments to certain
scientific hypotheses; so it would be as appropriate to urge that the
effect of verification of a prediction furnished by a physical theory
would be to modify the concepts on which it is based. The idea of being
committed by the way we understand words to certain applications of
them is, indeed, absolutely general; we might as well allow that every
agreed assertion occasions a change in certain relevant concepts.

Surely we have lost track of Wittgenstein here. RFM leaves an
overwhelming impression that Wittgenstein was trying to focus atten-
tion upon things specific to the nature of proof and necessity, rather than
merely bringing to bear upon our preconceptions about those notions
totally general theses about the philosophical character of understand-
ing. So it still seems desirable to try to interpret Wittgenstein as saying
something like the following. Notwithstanding the facts that we talk of
‘recognising’ proofs, that we do indeed almost always agree about new
proofs without further explanation of concepts—or about propositions
whose necessity is not recognised by proof but immediately—and that
we regard as a criterion for understanding the concepts involved the
capacity to be brought to accept the proof; notwithstanding these facts,
such cases of ‘recognition’ still have more in common with manoeuvres
which we should agree are best described as ‘decisions’, which change
our use of language—for example the adoption of new conven-
tions—than with other paradigms of recognition (for example, of a
building one has visited before). Within the framework of the ordinary
distinction between recognition of when a concept applies and stipula-
tion of a new kind of use of it, accepting a proposition as necessary,
either directly or on the basis of proof, is more like the latter.

In proposing to look for such an interpretation we do not dismiss
the ‘therapy’ view of the concept-modification thesis altogether. The
orthodox view of proofs, that they typically uncover so-far un-
recognised commitments in our concepts, surely requires a type of
objectivity for our judgments of when concepts are correctly applied
which the rule-following ideas proscribe. So some other view of proof is
requisite for anyone inclined to accept those ideas. However, in order
fully to understand Wittgenstein’s later philosophy of mathematics, we
need to explore two further issues: first, before we attempt to
incorporate the rule-following ideas into our thinking, is there already
appreciable a substantial disanalogy between recognition of new proofs
and other kinds of recognition? And secondly, after we attempt to do so,
is there (still) such a disanalogy—is it the case that, with respect to
whatever, if anything, remains of the distinction between applying a



50 Part One: Mathematics as Modifying Concepts

concept and changing it, accepting a proof is best regarded as a move of
the latter kind? But it will be a while before we come to the second
question.! For the rest of this chapter we are concerned with the first.

5. Let us consider the first question from an anti-realist point of
view. For an anti-realist, sense is given to a statement of any kind only
by reference to conditions which we can determine to obtain. The
general conception of what it is to understand a statement thus has to
be: to know the conditions under which its assertion is justified, rather
than the conditions under which it is true. For in the case of a great
many statements which we should ordinarily regard as having a clear
sense, our idea of their truth-conditions is such that, were they to
obtain, we would not be able to recognise that they obtained; but even
for such statements there are determinable conditions in which we
should consider their assertion justified. It is indeed a condition of our
attaching to them a clear sense that this should be so.?

In the case of mathematical statements justified assertion takes place
only in response to proof. There is hence an obvious disanalogy be-
tween knowing the assertability-conditions of an ordinary contingent
statement and knowing those of a mathematical statement. As precise a
description as can be given of conditions which would justify the
assertion of a contingent statement will not in general be a fulfilment of
those conditions; but a progressively more precise description of a
proof becomes itself a proof. Similarly a picture, or simulation, of
conditions which would justify the assertion of some contingent state-
ment will not in general itself fulfil those conditions; to give a picture of
a proof, on the other hand, is to give a proof.

Our question is whether an anti-realist is free to regard us as recognis-
ing new proofs. On the face of it he is not free not so to regard new
proofs, for our understanding of some unresolved mathematical state-
ment is supposed precisely to consist in being able, ideally, to recognise a
proof or disproof of it, should one be forthcoming.? But the di§gnalogy
just noted robs the notion of recognising assertability-conditions in
mathematical cases of certain supports present in contingent cases. If
somebody claims to know under what circumstances a contingent state-
ment would be justifiably assertable, we can reasonably press him for
an exact account of what these would be. This would not, however, be
a reasonable demand in the case of a mathematical statement; we do not
have a precise notion of what, for example, a proof of Fermat’s theorem,
if there is one, will be like. If we did, we should know how to prove it.

If we are thinking of proofs as given within a npn-trivial formal
system, the inexactness in our idea of a proof of a particular unresolved

! We shall return to it in Chapters VI, XVII and XXIIL
* __whether this sense i= construed in anti-realist or realist terms.

3 See, for example, 23 (2, p. 500).
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statement remains; but not so as to trouble the notion of recognition.
For in a reputable formal system we shall have a mechanically decidable
notion of proof; and if a machine can be programmed to recognise
proofs, how can we, its programmers, be thought of as incapable of
doing so? We do not need to know exactly what a proof of a particular
statement will be like to know that we shall recognise it if we see it; for
the proof will be a sequence of formulae of which the last is the
statement in question and of which every element is either an admiss-
ible assumption or derived from such by specified rules of inference,
correct application of each of which is an effectively decidable matter.

Proofs in formal systems can be effectively recognised because we
have a decidable notion of a valid single inference, based upon the main
connective in the conclusion, and a decidable notion of statement
identity—of where we may start from and where we are trying to get
to—based upon purely syntactic criteria. But the interest of such sys-
tems ultimately depends upon a capacity to take an interpretation under
which their proofs coincide with informal demonstrations—with cogent
reasoning of which an informal expression could be given. Can an
anti-realist argue similarly that it is proper to think of ourselves as in
general in a position to recognise such a demonstration if we see it, even
though we cannot exactly characterise it in advance?

The obvious strategy would be to try to mirror the account for formal
systems: a proof of Fermat’s theorem would be an ordered sequence of
valid reasoning proceeding from accepted premises to Fermat’s
theorem. But that is an account which, unelaborated, could be given by
someone who had not the faintest idea what Fermat’s theorem meant!
When do we have a valid single inference? When is our conclusion
Fermat’s theorem?

In order to answer the first question, an anti-realist might be tempted
to avail himself of something like the intuitionists’ explanations of the
logical constants. We give a general explanation of when a given single in-
ference is valid based upon recognition of the main logical constant in its
conclusion and upon understanding of the constituents in the conclu-
sion. Admittedly, to adapt the intuitionist explanations to this purpose
would require that something be done about their impredicativity;
for the ideas of a proof of a negative, and of a conditional statement are
both explained by appeal to an unrestricted quantification over proofs.*
Thus an appeal is made in explaining the notion of proof for particular
classes of statements to a quite unrestricted notion of proof supposedly
already grasped. The intuitionist explanations are no better than
characterisations which someone who already understood the notions in
question could recognise as a faithful reflection of that understanding.
In the present context, however, we require explanations which would
serve to introduce someone to the notions of valid inference
to a negative or to a conditional statement; for the anti-realist
! See Heyting, 46 pp. 98-9; cf. Dummett 30, ‘Concluding Philosophical Remarks’, p. 389 sq.
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has to justify the assumption that we already possess such general
notions. .

But it is the second question which seems to pose the more serious
difficulty. If a proof of Fermat’s theorem is a chain of valid single
inferences culminating in that statement, then we need an account of
what it is for a statement to be that statement, or at least to be equivalent
to it. But now, how are we to identify an expression of Fermat’s theorem
or something equivalent to it? Obviously, ‘by the meanings of its
constituent expressions and the way in which they are strung together’.
But this reply is irrelevant to our present purpose; for what we have to
recognise is that this combination of expressions produce’s something
whose proof-conditions coincide with those of Fermat’s theorem;
whereas it is precisely these proof-conditions which we are trying to
explain. o

The position is this. Asked to justify our attribution to ou’rselves ofa
capacity to recognise a proof, should one be given, of Fermat s theorgm,
although we have no exact idea how such a proof will go, the obvious
strategy is to assimilate the situation to that within a ff)rmal. system: to
attempt to give an account of when a single infe_rence is valid, depend-
ing upon the main logical constant in its conclusion, and then to explain
a proof of Fermat's theorem as a chain of such_mferences preceding
from accepted premises to the theorem as conclusnox_\..But the feasibility
of this strategy depends upon the possibility of giving an account of
statement-identity which enables us to identify Fermat’s theorem as the
terminus of such a chain; we have to be able to know when we have
reached Fermat’s theorem, or the idea of its being the culmipation ofa
sequence of inferences means nothing. An analogy with proof-
recognition in a formal system can be constructed iny if we can
independently identify what we are trying to Proye_—mdependen_tly,
that is, of knowing the circumstances under which it is proved; for it is
those circumstances which we are trying to explain. .

In a formal system such independent identification is acbleved syn-
tactically. Likewise the view that understanding a sentence is knowing
the conditions of objective truth of what it expresses gives us some
purchase on the identity of the mathematical statement independent of
knowing when it would be proved. But on an anti-realist conception of
understanding—on any view which makes grasp of the proof-conditions
of a mathematical statement a necessary condition of grasp of its sense
(see, for example, RFM 1v. 42)—the strategy of attempting to explain
the proof-conditions of a statement by appealing to the idea of a valid
chain of inferences culminating in the statement in question, falls foul
of the fact that only to someone who is already aware of its proof-
conditions is the identity of the desired conclusion mtelhg,lble.

If we are equipped to recognise assuch a proof of Eermat s thcor'em.,
it has to be possible to give some account of this equipment; that is, 1t
must be possible to explain under what circumstances the theorem
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would be proved. But we cannot picture, or simulate, these circum-
stances, as we could the assertability-conditions of an empirical
statement. (Of course, in the latter case, the assertability-conditions
might involve reasoning on the basis of observation. But the exact
nature of the required reasoning could be characterised in advance.)
And not merely cannot we describe these conditions exactly; the
obvious model of a satisfactory, indefinite description—that of the
account we should give of a proof of some sentence in a formal
system—turns out circular from the standpoint of anti-realism.

6. ‘Tl know it if I see it’. If it really is proper to speak of us as
recognising new proofs, we must have a concept of what the proof
would have to be like in a particular case. But what reason has an
anti-realist for supposing that we have a sufficiently definite such
concept, for example, for Fermat’s theorem—sufficiently definite, that
is, to justify us in describing our response to a proof of it, should we ever
get one, as recognition’

At this point an anti-realist might question the réle in our under-
standing of contingent statements of the relatively precise accounts of
their assertability-conditions which, in contrast with mathematical
cases, can be given in advance of finding that they obtain. Understand-
ing such a statement cannot be held to consist in the capacity to give such
averbal or pictorial account, for the tests of the two abilities are logically
independent. Someone who could give such an account might later so
use the statement that we felt obliged to conclude that he did not, after
all, understand it. Conversely, someone unable to give such an account
might go on to show that he understood the statement perfectly well.
What does it matter, then, if the first ability is virtually missing in the
case of unresolved mathematical statements?

That is right. We cannot identify our understanding of the statement
with the capacity to explain its conditions of justified assertability. But
if it is proper to speak cf recognition of proofs, it must be possible to
give some sort of account of the features which such-and-such a proof
will have to have. (Otherwise, how have we acquired the ability to
recognise the proof?)

It is natural to describe new proofs as recognised because we feel that
they involve, in essentials, no novelties. Everything that happens seems
to be an example of a pattern to whose validity we were already
committed. A proof of Fermat’s theorem will yield some method for
recognising of an arbitrary ordered quadruple of integers that it does
not satisfy the relevant equation. We cannot circumscribe in advance
the techniques that might be used to devise such a method, so a final
characterisation cannot be given of what may happen in the proof.
Nevertheless, we want to say, even if new techniques are involved, they
will be answerable to previously accepted critenia.
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But is that not how it would seem if we all just spontaneously inclined
to a certain analogy? A proof of Goldbach’s conjecture, to switch to a
more convenient example, will accomplish for the predicate, ‘is the sum
of two primes’, and the concept of an even number what the proof of the
Fundamental Theorem of arithmetic accomplishes for the predicate,
‘has a unique prime factorisation’, and the concept of a positive integer.
But that is an analogy. Is it absolutely clear how we should interpret it?
Of course, we don't consciously think in terms of alternative interpreta-
tions when a proposed proof is given; but that need show nothing other
than that we find overwhelmingly natural the applications involved of
certain analogical explanations.

If the last point is endorsed, it begins to look as though we are
gravitating back, after all, towards the general considerations about
following a rule in new cases. But Wittgenstein intends, I believe, aside
from all that, to stress the réle which analogy plays in such an account
of, for example, the proof of Cantor’s theorem as could have been given
before it was devised, and to contrast such accounts with what might be
given, for example, for an effectively decidable statement. Consider for
example this passage (Appendix 11, 2):

That however is not to say that the question—can the set, R, be ordered in
a series’—has a clear sense. For this question means e.g. can one do
something with these formations corresponding to the ordering of the
cardinal numbers in a series? So if it is asked, can the real numbers be
ordered in a series?, the sure answer might be: for the time being I cannot
form any precise idea of that. ‘But you can order the roots and the
algebraic numbers in a series. So you surely understand the expression.’
To put it better: I have got certain analogous formations which I call by
the common name single ‘series’; but so far I haven't any certain bridge
from these cases to that of ‘all real numbers’, nor have | any general
method of trying whether such and such a set ‘can be ordered in a series’.

Compare this with 1v. 12:

Suppose I were to ask, what is meant by saying the pattern, ‘777’, occurs
in this expanston? . . . But don’t you really understand what is meant?’
But may I not believe I understand it and be wrong? For how do I know
what it means to say ‘the pattern, “777”, occurs in this expansion’? Surely
by means of examples . . . But these examples do not show me what it is
like for this pattern to occur in this expansion. [My italics]

We arrive then at the following suggestion. Let us think of Wittgen-
stein here in the rdle of anti-realist. An anti-realist, as we noted, cannot
appeal to the sense of, for example, Fermat’s theorem in the course of
trying to explain the circumstances under which it would be proved;
explaining these circumstances is explaining its sense. So the construc-
tion of an analogy with proof-recognition in a formal system is not open
to him. Rather he has to give a general account of what such a proof
must accomplish, of what it is to have such a proof. This will presum-
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ably proceed along intuitionist lines: the proof will be characterised as
an adaptation to the constituents of its conclusion—the predicate
through which the quantification is made—of the type of proof germane
to its main connective—here the universal quantifier. But such an
account is very vague. If our whole concept of the sense of such a
statement is thereby explained, that concept is vague too; it takes on
precision when concrete circumstances arise in which the statement is
deemed proved.

Of course we should want to resist the suggestion that our whole
concept of what a proof of Fermat’s theorem would be is given by such a
general description. Or better, we understand more by the general
description, ‘a general method for demonstrating of any ordered quad-
ruple of integers, x, v, 2, n, n other than 1 or 2, that: “x" + y" = 2™ is
false’, than it might seem on the surface! This understanding is
acquired by doing number theory. Wittgenstein’s counter is then that
all that doing number theory does is acquaint us with a variety of
constructions which are deemed ‘analogous’. In any case the intended
analogy would appear to be in the effect of these proofs rather than in
their techniques. A proof of Fermat’s theorem, if we get one, may not
closely mimic these other constructions; it may rather appeal to a
general concept which they illustrate, and then present new methods as
relevant to it. Contrast, for example, proving ‘(x) —Fx’ by induction,
‘F’ decidable, and proving it meta-mathematically by proving the
first-order undecidability of ‘(3x) Fx’. Could an intuitionist provide a
more exact account of what is shared by such proofs than is given by his
general characterisation of proofs of universally quantified statements?
In contrast, we can circumscribe the techniques relevant to the solution
of some problem of effectively decidable type absolutely exactly.

There is ordinarily felt to be a distinction, of degree perhaps, be-
tween recognising that the explanation given of a concept requires its
application to a new case, and interpreting it as doing so. We should
ordinarily wish to apply the second description in any case where the
explanation was vague. An initial interpretation of Wittgenstein’s idea
that proofs modify concepts is thus as follows: for all the appearance
of rigour and exactness in our forms of mathematical expression, there
is a vagueness about our general notions of proof and disproof which,
from an anti-realist viewpoint, must be regarded as entering into
the way in which we understand mathematical statements before they
are proved; this vagueness we disguise from ourselves, partly by appealing
to erroneous conceptions of meaning, for example, the platonist concep-
tion, and partly by falling victim to the misconception, complained of in
11. 6, and 1v. 25, and countered throughout the Investigations, that a
grammatically correct combination of familiar expressions, even into
something which looks obviously part of a language-game which we
already play, wholly takes care of its application.?

! See also PG 11. 43; BIB, p. 10.
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Sointerpreted, Wittgenstein’s point is independent of any scepticism
concerning the distinction between recognising that a concept applies,
and interpreting it as doing so, which might be suggested by the
discussion of following a rule. The suggestion is rather to be understood
in terms of that distinction: there is a larger rdle for interpretation to
play in connecting the grammar of a new mathematical sentence with its
application than is usually the case elsewhere. Fully to make this thesis
out would require a much more detailed treatment of many more
examples than Wittgenstein gives. We shall return to the question in
Chapter VIII. What is clear from our discussion, however, is that
someone who, like Dummett, sympathises with the intuitionists’ criti-
cisms of classical mathematics but wishes to retain the classical attitude
to proof—that a correct proof is binding, that it is something whose
validity we may regard ourselves as recognising, etc.—cannot rest
content with an unexamined notion of knowledge of the assertability-
(i.e. proof-) conditions of unresolved mathematical statements as
central to our understanding of them.

IV
The Analogies with Measuring

Sources

RFM: 1.5,8-9,93-4, 116, 118, 139, 154-55, 164; 1. 21,
74-5; v. 1-2,12, 20
LFM: lectures vur, p. 83; xu, pp. 117-18; xxi, pp.
200-1; xxx, p.287
PG: 1. 133

On the possibility of alternative modes of calculation and
inference:

RFM: 1. 136, 142-152; 1. 78; v. 8, 11-12
PI: 1. xii
PG: u.18
ocC: 375

LFM: lecture xx1, pp. 202-5

1. At several places in RFM Wittgenstein suggests analogies
between the réles of logic and mathematics and various aspects of
measuring. The first example occurs as early as 1. 5. The question is
raised, how should we get into conflict with truth if we made inferences
different to those which we ordinarily allow? Wittgenstein assimilates
the question to that of how our results would conflict with truth if our
foot rules were made of very soft rubber instead of wood or steel. He
feeds his opponent the obvious reply that we should not then usually be
able to determine how long things were. But this, according to
Wittgenstein, comes to no more than that we could not be sure of
getting the readings which we now get . . .

so if you had measured the table with the elastic rulers and said it
measured 5 feet by our usual way of measuring, you would be wrong; but
if you said that it measured 5 feet by your way of measuring, that is
correct.

His objector protests that soft-ruler measurement is not measurement
at all. Wittgenstein replies that

it is s?milar to our measuring and capable, in certain circumstances, of
fulfilling ‘practical purposes’. (A shopkeeper might use it to treat different
customers differently.)
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Here, then, Wittgenstein apparently refuses any content to the con-
cept of the correct measurement of the table other than the measurement
which we get with our rigid rulers; the idea of correct measurement is
relativised to the means used. The intended analogy would thus appear
to be this: that there is, correspondingly, no content to the idea of
something’s really being a consequence of some set of statements over
and above its following from them by our procedures of inference.

Prima facie, this seems a wild suggestion. If one statement is a logical
consequence of others, its truth is guaranteed by theirs. So, we should
want to say, the possibility of a ‘conflict with truth’, were we to use quite
different principles of inference, resides in our generally possessing

other criteria for the truth of a statement than that it is a consequence of
other statements about whose truth we are independently satisfied.
This is not always so. In pure mathematics recognising a statement as a
consequence of others may be the only means which we have of recog-
nising it as true. But with many contingent statements the situation is
different: in such cases statements which it is possible to know by
recognising them as consequences of known statements will also be
knowable directly, for example by observation, by someone who does
not know the premisses. To infer in accordance with rules dreamed up
ad hoc would be to invite in such cases the possibility of a conflict of
criteria of truth; a conclusion which ‘followed’ from true premisses
might be false by observational criteria.

One is, in any case, uneasy with Wittgenstein’s claims on behalf of
soft-ruler measurement. The case which he presents for describing the
ritual with elastic ‘rulers’ as measurement’ is that it is ‘similar’ to what
we do and capable of fulfilling certain practical purposes. But in what
does the similarity reside, save in that someone goes through the normal
motions of measuring—only with a piece of elastic? It is a feature of the
concept of measuring that an accurately measured object will yield
distinct readings at distinct times only if it changes; so much is implicit
in the notion that measuring is to ascertain a property of the object
measured. Now, the soft-ruler method is going to produce a high
degree of variability in its results. Are these variations to be attributed
to inaccuracy in the measurements, or to changes in the object
measured? If the first, then it is conceded that it is extremely difficult
to measure accurately with elastic rulers; but then, contrary to the
intended point of the analogy, the notion of correct measurement is
implicitly dissociated from the means used. But if changes are pos-
tulated in the length of the object measured, then the question arises,
what réle is to be played in the concept of length by our rough, directly
observational assessments of sameness and difference in length—the
assessments which measuring is supposed not merely to supplant but to
refine? For the plain fact is that it is the rulers which seem to fluctuate in

length, and not the objects to be measured.

The point is that measuring is intelligible only as a more exact means
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of determining changes or differences which, if sufficiently gross, may
be recognised without measuring by direct observation. Any procedure
which may be coherently regarded as effecting such a refinement has
therefore to corroborate a high proportion of our inexact, observational
assessments of length—the applications which we are able confidently
to make of relations like ‘is much shorter than’, ‘is about the same height
a§’, etc., just by observing objects; where we do not get such corrobora-
tion, we start talking in terms of illusion. If measuring s to be conceived
as improving on observational assessments of relative size, we must be
allowed to have the capacity to know very often the sort of comparative
readings that measurement of a pair of objects will yield—the general
range of difference that may be expected. Measuring has to be under-
stood not as making possible the application of the concept of length,
but as enabling us to be relatively precise where before we could make
only vague assessments, although—within their limitations—correct
assessments.

For people who conducted all their measurements with highly elastic
rulers this would not be 0. Objects which seemed to be more or less the
same length would, as often as not, prove when measured to be substan-
tially different; and it would not generally be possible to anticipate the
range of difference anything like as accurately as we can. Conversely,
objects which seemed to be of quite different length would, when
measured, prove as often as not to be quite similar in length or to differ
the other way round, so to speak. A world in which soft-ruler measure-
ment supplied the criteria of sameness, difference and change in respect
of some dimension would be a world of observational illusion; a world
in which much less could be known—many fewer sound comparisons
could be made—on the basis of unaided observation.

In such a world what would be the use of knowing the result of
measuring an object at some time? The information would not license
exact expectations about the object’s physical potentialities—to fit in
such-and-such a place, cover such-and-such a surface, etc.—for lengths
would fluctuate so; nor would it be possible in general to predict by
means of such information the relative sizes which objects would seem to
have just on the basis of observation, even if, by measurement, no
changes in them had taken place. ‘Length’ in such a world would
have lost contact with its roots in simple observation and practical
needs.

It is, moreover, thoroughly unclear what becomes of the notion of a
unit of length in the soft-ruler community. What do the people say
about inconsistency in the results of reciprocal application of their
‘rulers’? Qne ruler, when measured by another, will almost always give
a proportionately inconsistent reading when compared with the reading
ot?tamed by measuring the other ruler with it; for example, one yard-
stick may measure half the length of another which, measured by the
first, proves one-third as long again. What do the people say? Are the



60 Part One: Mathematics as Modifying Concepts

yardsticks fluctuating in length? If so, there is no point in using them.
Or is it that, however much care is taken, it is v1.rtually 1mpos51bl.e to
measure accurately? If so, there is no point in trying. How is a unit of
length to be established if objects have to be c’()pce{ved of as rand(')ml){
varying in length, or if ‘correct measurement’ is given no operationa
content? ' o .
It might be replied that Wittgenstein’s claim is only that there coul
be a concept of length whose criteria of application were incorporated in
soft-ruler methods; not that it would be desxrablg to have sucli a
concept. But what is the real analogy between what is done by peopls
who employ such a concept and what we do, in vxrtue)o’f whlch bot
groups may be described as employing concepts of length? The concepts
are not grounded in observation in the‘same way,,and they do not a?rr}x]xt
of the same practical applications. Wittgenstein’s own example of the
‘practical purposes’ that might be served by soft-ruler measurement is
wholly inept. From whose point of view is the shop-keeper treating
different customers differently? Not, presumably, his own unless he
realises that his soft-ruler can yield variable results in relation to a set
amount , for example, of fabric. But thep, for'the reason noted, he 1;n t
measuring; for correct measurement gives dnfferem' results onlyy w f‘n
the objects measured differ in length. But the ‘practical purpose 1; the
shop-keeper’s; he wants to favour some customers and short-sell olt ers};
and for this purpose he requires some concept of sameness of lengt
other than is determined by soft-ruler measurement. That s, gnther the
soft-ruler method does not provide the criterion for sameness in lengt}f
or, if it does, it is not available as a way of treating different customers
dlflff]r::;:rll};r'lary: Wittgenstein appears to want to drive us towards the
conclusion that we have no more general notlon.of logical consequence
than is determined by the rules of inference which we actually l;appen
to employ. This conclusion v»tould, of course, require njorc t[ a: z:/n
analogy to support it; but this first analogy seems in an}Ir case nott (f) a}\lact
been properly made out. For we do h.ave a more general concept 0 }\;v :
it is to determine length than is fixed by the pr{)cedures'whlc vsef
actually use. It is of the essence of measurement to effect a refinement (l) ,
our rough and ready visual (or tactual) assessments and to supﬁ'y
information adapted to certain practical requirements; but to kqow(:lt t;n
a pair of objects coincide in length is, when this is detcrmn}]e1 y
soft-rulers, to know nothing about the relative sizes which they will seem
to have, or whether they will, for example, fit in the same space on a
shelf.

2. Consider a second measuring analogy which Wittgenstein uses
to recommend a shift in the way we think about logic and mathematics.
In 1. 155, we read:
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- . . the reason why logical inferences are not brought into question is not
that they ‘certainly correspond to the truth’ or something of the sort.
Rather it is just that this is what is called ‘thinking’, ‘speaking’, ‘inferring’,
‘arguing’. There is not any question at all here of some correspondence
between what is said and reality. Logic is antecedent to any such corres-
pondence; in the same sense, that is, as that in which the establishment of

a method of measurement is antecedent to the correctness or incorrectness
of a statement of length.

The thought here would seem to be the same as that expressed in a
remark which Moore quotes from Wittgenstein’s lectures of 1932:1

Rules of deduction are analogous to the fixing of a unit of length.
‘3 + 3 = 6 is a rule as to the way in which we are going to talk, Itis a

Freparatioq for description, just as fixing a unit of length is a preparation
or measuring.

Now what does this analogy come to? The commended conclusion
seems to be the same as before: there is no ulterior concept of correct
inference lurking behind our actual procedures of inference and to
which they are answerable. But now Wittgenstein seems to be present-
ing the suggestion in a slightly different way to that involved in the
soft-ruler example. In that example the point seemed to be that there
was no kind of correct inference transcendent of what we count as
correct inference, no ‘ultra-physics’ to which logic and mathematics
have to answer. There is no sense in this idea much as, in Wittgenstein's
view, there is no sense in the idea of the ‘real’ length of a thing,
dissociated from the methods of measurement which e employ. The
concept of length is fixed by the way in which we measure; it does not
stand apart from particular techniques of measurement, so that the
question of their adequacy may arise. We had reason to question this
supposition about measurement. But now the point would appear to be
not merely that there is no sense in the objective correctness or incor-
rectness of certain rules of inference, but that there is no sense in
describing them as ‘correct’at all.‘3 + 3 = 6’ can no more be described
as ‘correct’ than the lixing of a unit of length can be described as
‘correct’. Itis simply a precondition of the activity of giving certain sorts
of description of the world.

In order to assess the analogy, imagine a tribal community who
possess the notions, ‘just as many as’, as fixed by 1-1 correspondence,
and ‘just as long as’, as fixed by congruence when objects are laid
alongside each other, but who have introduced neither a system of
numerals nor a unit of length. Suppose that a member of the tribe
requires to measure a rectangular wall and count the number of tiles
needed to cover it. He proceeeds as follows. He first anchors the end of a
piece of cord to one corner of the wall and runs it tautly along the longer
side, snipping it off exactly at the point adjacent to the other corner. He

163, p. 279.
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then runs the same cord along the shorter, vertical edge and marks it at
the point adjacent to the third corner. Using this cord, he can now
determine whether the opposite wall is the same size, where to cut a
piece of skirting board to fit along the wall, etc. But he cannot explain to
another member of the tribe who has not seen the wall what its dimen-
sions are without reference to the piece of cord. '

After he has completed the tiling of the wall, our man now requires to
order tiles from a fellow tribesman to cover the opposite wall which, let
us suppose, he has determined with the piece of co::d to be of the same
dimensions. What he does is to chalk-mark each tile once only while
simultaneously writing a stroke on a piece of paper for egch chalk-mark
that he makes. Now he can order exactly as many new tiles as he n.eeds
just by referring to the piece of paper. But he won’t be able to explain to
the tile-maker how many tiles he wants without reference to the piece of
paper. .

There are obvious and parallel ways to overcome these shortcomings.
First, our man cuts a new piece of cord and fqlds it, marking the
half-way point. Then he repeats the process until the whole cord 1s
divided into a large number of equal, marked segments. He lays the
cord out and cuts others of the same length which he marks in the same
places and distributes to other members of the.tribe. Now they no
longer have to ¢ut'pieces of cord to show to people in order to communi-
cate propositions about length; they can instead state that the length of x
is so many segments of cord—though these statements still have_ to
involve reference to suitable marked pieces of paper in terms of w}uch
how many is to be understood. So, as a second refinemept, the builder
introduces a number of distinct symbols and an operation upon t.hem
which generates out of them a potentially infinite series of unique
symbols in a determinate order. He then f:xplams that, msteaq of
handing round pieces of paper, a group of objects to be numbered is to
be 1-1 correlated with the symbols in the series, starting at the begin-
ning, and that the last symbol needed is to stand for the number of
objects in the group.

Against the background, then, of use of the concepts of sameness of
number and sameness of length, the clear parallel, if we are concerned
with the preconditions of certain sorts of description, is not between the
introduction of a unit of length and agreement about any particular
arithmetical propositions, but with establishing the use of a system of
numerals. There is, for the very simplest of practical purposes, no
reason why a unit of length should be established. at all; so long as a
concept of sameness of length, given in terms of laying things alongside
one another, is in currency, a community can alw_ays resort to ad hoc
paradigms—cutting up bits of cord or whatever—in or_der to tell each
other how long things are. Similarly, so long as the notion of.sameness
of number, as given in terms of 1-1 correspondepce, is estab}lshe§, the
community can always resort to ad hoc paradigms—marking bits of
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paper or whatever—in order to tell each other how many things satisfy-
ing some condition there are. What the introduction of a system of
numerals and a unit of length achieves is convenience; they give us
general paradigms which may be adapted to any simple, practical
situation of the type just illustrated.

Wittgenstein’s second analogy thus seems doubly wrong. There is no
clear point of similarity between the réle of a unit of length and the réle
of arithmetical equations, and it is in any case an error to suppose that
nothing amounting to measurement—to the determination and com-
munication of judgments of length—can take place in advance of fixing
a unit of length. We are thus so far no nearer understanding in what
sense logic and mathematics may be ‘antecedent’ to truth and falsity.

3. There is, however, an obvious refinement of the analogy just
considered. If fixing a unit of length is properly compared to establish-
ing a system of numerals, the propositions of elementary arithmetic
which serve to express relations between the senses of the numerals
ought presumably to be compared with propositions expressing rela-
tions between the senses of expressions denoting different units of
length. Just this is, of course, another of Wittgenstein’s favourite
measuring analogies. Consider, 1. 9:

What we call ‘logical inference’ is a transformation of our expression. For
example, the translation of ene measure into another. One edge of a ruler
is marked in inches, the other in centimetres. I measure the table in inches
and go over to centimetres on the ruler.—And of course there is such a
thing as right and wrong in passing from one measure to the other; but
what is the ‘reality’ that ‘right’ accords with here? Presumably a conven-
tion, or a use, and perhaps our practical requirements.

The suggestion seems to be the same as before: that there is nothing
‘exterior’ for a transformation of inches into centimetres to correspond
to, that correct transformation is transformation in accordance with our
conventn—nothing further. And correct inference, presumably, is to
be viewed correspondingly as a matter of inferring in accordance with
our rules of inference.

But, once again, Wittgenstein seems to have given a highly implaus-
ible account of the element in measurement which is supposed to
suggest an improved way of looking at the propositions of logic and
mathematics. For, we want to protest, surely it is in no sense a mere
convention that 1 inch = 2.54 centimetres. On the contrary, what the
relation between the units is must have been, in the first instance, a
matter for discovery; it must have been a question for investigation how
the imperial and metric systems corresponded. How can it be a conven-
tional issue whether our practices correspond in such-and-such a way to
those of the French? What are matters of convention are the units of
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length which a culture adopts, the way it chooses to describe them, etc.;
but it is surely no matter of convention what ratio between the readings
is obtained if an object is simultaneoulsy measured accurately in inches
and in centimetres. The ‘reality’ to which the rule of conversion is
answerable is the reality of the results of accurate measurement in both
systems; as, indeed, we want to say, the reality to which rules of
inference in general are answerable is that of the truth-values qf the
propositions which they allow us to link as premisses and cor!clugxons.

So the net result of our discussion of the three analogies is that
Wittgenstein has failed to draw attention to aspects of our orthodox way
of regarding measurement which might serve to illuminate his own,
unorthodox attitude towards logic and mathematics. Of course, it 1s in
any case clear that Wittgenstein’s view of logic and mathematics is not
properly argued for by analogy. The most the analogics may do is to cast
some light upon the nature of the view, whose real substance can
presumably be grasped without analogy—indeed, it should be apparent
from considerations adduced in its support. Yet the distinctive diffi-
culty in reading these excerpts from Wittgenstein’s notes is precisely to
identify confidently what motivates him to advance some of the seem-
ingly more extravagant ideas. The potential value of the'ana_logles tothe
interpreter is to suggest what the character of the motivation may be.
Only when this is clear will we know how to criticise tht?se 1d_eas
relevantly. It is therefore disappointing that the parallels which Witt-
genstein attempts to draw with measuring seem so wayward. Tbg point
of them is clear enough: it is to attack the notion that propositions of
logic and mathematics state objective truths. Partly, the attack is t.hat
these ‘propositions’ are not properly seen as capable of truth and falsity;
we do not say of a ruler, or of a unit of length, that it is true or false. B_ut,
as I argued, the parallel between rulers, or units of length, and arith-
metical propositions, is ill-taken; they do not occupy similar respective
places in practical measurement and assessment of number. However,
the attack is also upon the objectivity of whatever ‘truth’ the propos-
itions of logic and mathematics might be thought to possess; anfl l}ere
Wittgenstein’s chosen analogues—rules of conversion between dxstxpct
metric units—while indeed in some ways similar to simple arithmetical
equations, would not in orthodoxy be viewed in the way which he
commends.

4. Still, let us persevere. Wittgenstein does not always attempt
specific analogies with aspects of measurirg. Often he ist content to talk
vaguely of logic and mathematics as ‘mecasures’ of reality (e.g. . 21,
75). So perhaps it is a mistake to press the specifxc. analogies more
closely; perhaps it is rather that he intends something like the following
general parallel:

Rulers, units of length, rules of conversion, all figure in the insti-
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tutional activity of measuring, and measuring provides the criterion for
the correctness of ascriptions of length. The whole point of the activity
is to determine the application of certain concepts in contingent, practi-
cal contexts. Measuring is a ‘game’ which we play, and the various
aspects of it to which Wittgenstein assimilates our rules of logical and
mathematical inference are just elements in the rules, concepts and
equipment of the game. It is in the character of the whole game that the
nature of our concept of length is determined; and it thus makes no
sense to enquire of the concept whether it shapes up to reality in some
way, whether it is as it ought to be, whether the procedures and rules of
the game really do provide methods whereby lengths may be ascer-
tained. The game as a whole does not stand in need of justification
—indeed it makes no sense to ask for one—and neither do the
particular elements in it. If we change them, that will be a change in the
game, a change in our idea of what 1t is to ‘measure’, and so in our
concept of length.

In like manner abaci, systems of numerals, and simple arithmetic are
all part of the institutional activity of assessing number, of determining
how many. Their réle is as elements in the rules, equipment and
concepts of the ‘game’ of ascertaining the number of things in a group in
ordinary, practical contexts. The whole game provides the criteria of
correctness of ascriptions of number. In the procedures which make it
up our concept of what it is for an ascription of number to be correct is
encapsulated; thus this concept has no ulterior standing in terms of
which these procedures might be evaluated. If we changed them, that
would be to change the concept. When we think of arithmetic as dealing
with a special kind of object, as giving its ‘natural history’, we have lost
sight of the fact that what we are now regarding as propositions feature
originally simply as rules of description, simply as elements in the
network of procedures which we call ‘determining how many’—and that
these procedures together go to make up our concept of the number of
things in a (finite) group. So arithmetical ‘propositions’, rather than
being themselves descriptive of anything, enter into the fixing of
criteria for the application of concepts in terms of which description can
then proceed. In this sense they are ‘antecedent’ to description, and so
to truth.

It is a natural suggestion that it is in some such general terms that we
should understand Wittgenstein’s talk of logic and of mathematics as
‘measures’ of reality, as antecedent to truth and falsity, and that the
message of the more specific analogies with measuring is the same.
Wittgenstein wants us to see number theory, for example, as essentially
just an apparatus geared to the production of criteria for applying
numerical concepts in contingent, practical contexts. The repeated
emphasis in RFM upon the application of mathematical concepts as a
source of their content is, prima facie, especially easy to understand on
such an interpretation. Consider, for example, 1v. 2:
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It is the use outside mathematics and so the meaning of the signs that
makes the sign-game into mathematics;

and 1v. 41:

Concepts which occur in ‘necessary’ propositions must also occur and
have a meaning in non-necessary ones.

Naturally, it is not clear how to extend such a suggestion to those.parts
of mathematics which were not developed with a view to any particular
kind of application outside mathematics, or where mathematics seems
essentially concerned with its own objects, for example trapsfmxte
set-theory. But it is just towards such branches of mathematics that
Wittgenstein displays suspicion—just in those areas that he is p'rovoked
to speak of ‘alchemy’, or ‘puffed-up’ proofs, etc. And there is also a
tendency, especially evident in the Appendix on the I?xagongl Argu-
ment, to try to interpret even these parts of mathematics as, in essen-
tials, no more than the introduction of new techniques and concepts
‘which can now be applied to all sorts of other things’ (App. 1/, 15). The
governing idea of the generalised interpretation of WlttgensAtem's
measuring analogies draws these tendencies together. The rol‘e of
mathematical statements, and of necessary statements in general, is on
Wittgenstein’s view ‘grammatical’; it is to establish associations be-
tween certain forms of description. Clearly, therefore, the content of
these forms of description must initially originate elsewhere. The rule
of conversion between inches and centimetres, for example, may be
used to give someone a new form in which to express results of
measurement; but this is possible only if he already understands the
application of one of the forms of description, only if he already
understands the meaning of, say, ascriptions of length in inches. '
The suggestion that we regard arithmetic simply as a component in
the general language-game of assessing cardinal number, as an ever-
extensible compendium of rules of description, is meant to stifle our
inclination to think of it as answerable to, and indeed uniquely true of,
certain special aspects of reality. Arithmetic enters into the deter'mf-
nation of our concept of number; naturally, then, in a vacuous sense 1t 1s
uniquely correct for that concept. But Wittgenstein appears to want to
suggest that this does not preclude the possibility of other concepts, 1n
some respects ‘akin’ to ours—perhaps in the practical purposes for
which they are applied—but associated with significantly different
techniques of application. Such, it appears, is the pomnt of t}}e
examples of measuring with soft rulers, of pricing a pile of wood in
accordance with the area of floor which it covers, etc. In these gxamples
different concepts, for instance, of length and of quantity are involved,
concepts determined by criteria of application different to ours. But we
may not say, according to Wittgenstein, that these concepts incorporate
error, that they somehow fail to accord with reality. There is error in the
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procedures of people who use these techniques only if they are thought
of as determining the application of our concepts.

Wittgenstein’s conventionalism would thus appear at this point to
have at least three quite different strands. There is, first, his repudia-
tion of the idea that our understanding of an expression cdmmits us to
certain sorts of application of it, for example to recognising as necess-
arily true certain statements containing it. There is, secondly, the
tendency, of which the measuring analogies as presently interpreted are
an illustration, to tie concepts tightly down to the techniques and
procedures which we use to apply them; to count a group correctly is
just to count it in accordance with our criteria of correct counting, to
calculate correctly is to calculate in accordance with our rules of calcu-
lation, etc. And he gravitates, thirdly, towards suggesting the possi-
bility of proceduresalternative to ours; he is hospitable towards the idea
that people might measure, count, infer and calculate differently. What
I want to suggest now is that the second and third strands are in tension
and that both are objectionable for related reasons.

5. What would it be for a soft-ruler society to employ a concept of
length essentially the same as ours? It is a question, presumably, of how
they respond to what we regard as the discordant results which their
procedures will give them. A book, though it continues to look much
the same and to fit in the same slot on the book shelf, etc., will, when
measured on successive occasions with a soft-ruler, turn out to be of
highly variable thickness. A pile of wood, though containing the same
number of logs as before—which in turn seem to be more or less the
same size—will, when assessed by the criterion of the area which it
covers when spilled out of a truck, prove to be of highly variable
quantity. The clearest kind of case in which it would seem right to say
that something like our concepts of length and quantity are nevertheless
being employed here would be if, confronted by this variability of
results, the people in question simply abandon the practice of measur-
ing with elastic rulers, or of assessing quantity of wood by area, and
move instead in the direction of rigid rulers and the assessment of
quantity, say, by weight. They are employing something clearly similar
to our concepts when they can be brought to accept the superiority of
our techniques.

But procedures of measurement, calculation, etc., alternative to ours
were not to be alternative in this uninteresting sense. And it is far from
clear what to say if these people canmot be brought to accept that our
ways are better. Partly the difficulties here are masked by Wittgen-
stein’s tendency to present hypothetical dialogues with such people;
whereas their seemingly ersatz notions of length, quantity, counting, or
whatever, might in practice make us doubt whether we had correctly
translated their language. But let us continue to entertain the fiction
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that it is somehow known that we have the best translation of their
language possible, and that when the variabil_ity of their r?sults 1s
pointed out to them, they say things like, ‘Yes, indeed; on this planet
length is extraordinarily variable’; or, after we rearranged a pile of wood
in order to make plain to them the absurdity of their procedure, ‘Yes;
now it is a lot of wood and costs more’ (1. 149). Then what is not.clear is
what justifies the description of such people as employing different
concepts of length, or of quantity. Where are the analogies anchored?
What are the points of similarity? '

It might be thought that the trouble is that we have not been given
enough detail; and it is true that Wittgenstein presents the examplesina
very sketchy way. But actually, it is important to be clear what sort of
detail we want. Surely, if it is proper to speak qf the wood-sellers as
employing a different concept of quantity, then it has to be correct to
attribute to them the belief that when the wood covers a greater area,
there is more wood there. Now, obviously, just the fact that they pay
more when the covered area is greater does not substantiate the supposi-
tion that they hold such a belief. That could be e?(plained. in all sorts of
other ways. (They may have introduced the practice as a kind of lottery,
for example, for paying purchase tax on wood; everyone pays the tax,
but how much depends on the luck of the way the logs fall out.) .So
nothing of that sort is to be the explanation. But then, what sort of thing
would make us want to describe them as really believing that the greater
the covered area, the greater the quantity of wood? .

The ‘thin and unconvincing’ quality of these examples., complained
of by Dummett,” is not just a matter of lack of detail. IF is a matter of
Wittgenstein’s having paid insufficient theoretical attention, here if not
elsewhere, to the question of what kind of consideration is a legitimate
ground for the claim that certain concepts are analogous. If the attrac-
tion for us of the idea that our mode of calculation is the only correct
way of calculating is to be weakened, then we need examples of pro-
cedures alternative to our own which it is still proper to describe as
‘calculation’. Similarly, we need examples of alternative ways of deFef-
mining ‘how much wood’, and of measuring. But Wittgenstein's
soft-ruler people are merely stipulated as doing akind vof‘measurm'g; and
the wood-sellers likewise are stipulated as determining quantity by
area—they just ‘state’ that they are. What makes it the case that they are
still, in some sense, measuring or assessing quantity’ S

It is not that Wittgenstein has not spelled out sufficient similarities
between our practices and those of the people in his ex.ample's. Ra.th.er
he would appear to be unclear about the kind of similarity whichitisin
point to suggest. The cited examples involve strong b?hav1opral
similarities with things which we do: the laying of things against things

in measurement, the exchange of coins in proportion to some para-
meter, and so on. But it is not in this kind of thing that the most

123 (2, p. 498).
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important similarities reside. The best kind of reason for interpreting a
tribe as measuring when they go through such-and-such movements
would not be an analogy between the kind of thing which they do and
the kind of movements which we go through when we measure, but an
analogy in the kind of application which they make of the information
thereby obtained—the purposes to which they put it. Suppose, for
example, that members of the tribe go through a routine of holding up
one hand, palm outstretched, and backing away from an object with
slow deliberate steps until the palms of their hands blot it out from
view. Are they measuring? Not, for example, if these movements are
done in the context of a dance, in which they might symbolise the
magical activity of shrinking an object and then obliterating it. But if
the routine is carried out in the context of construction work, and if
the demand for materials in a particular kind of situation is seen to
vary depending on the outcome of the procedure—how many paces
it takes to blot the object out—then a social anthropologist would
be happy to report the tribe’s possession of a crude method of
measurement.

This point, of course, is of a genre with which Wittgenstein is
perfectly familiar—which, indeed, we may owe to him. But then the
tension here 1s just the more puzzling. The overriding purpose of the
analogies with measurement, as presently interpreted, is to stress the
role of, for example, arithmetic in determining the meaning of numeri-
cal expressions, in determining their criteria of application. Arithmetic
supplies concepts in terms of which we carry out descriptions; it does
not itself describe anything. The intended effect of the analogies is to
short-circuit the question of correspondence between arithmetic, or
logic and mathematics generally, and some sort of ultra-general aspects
of reality, to nip in the bud the conception of logic and mathematics as a
kind of ‘ultra-physics’. There is no question whether our techniques
and principles of numerical description are correct; rather it is in terms
of them that our notion of correct assessment of number is determined.
‘Calculating’, ‘inferring’. ‘measuring’ are, for us, determined by the
methods which we use, there is no residue in these concepts in terms of
which the adequacy of our methods might be questioned. But if thisisa
correct account of the matter, how is it that we were able to understand
and, hypothetically, to answer the question whether the members of the
tribe just described were measuring?

Of course, it is analytic in philosophers’ jargon that the criteria of
application of a concept enter into the determination of its content. And
in this resides the temptation to say that our notion of what 1t is correctly
to assess length just is fixed by our entire paraphernalia of measuring
—instruments, units and rules of conversion. But if we wish to have a
connection between criteria and meaning, we need to be circumspect
about what are to be regarded as criteria; and the most important
criteria for whether or not a tribe is assessing lengths by some procedure
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have nothing to do with its being a procedure—or ‘akin to’ a pro-
cedure—which we also use. Rather, to over-simplify, we identify
measuring by seeing what is done for, by seeing what (we may tenta-
tively identify as) its results are applied for. The same is true of

calculating. . _ _ '
In several places Wittgenstein seems to give expression to this. 1. 4:

‘Is that supposed to mean that it is equally correct whichever way a person
counts and that anyone can count as he pleases?” We should presumably
not call it ‘counting’ if everyone said the numbers one after the other
anyhow. But of course it is not simply a question of 2 name. What we call
‘counting’ is an important part of our life’s activities.

And 1. 116:

. . . thinking and inferring, like counting, is of course bounded for us not
by an arbitrary definition but by natural limits corresponding to the body
of what can be called the réle of thinking and inferring in our life.

How are we to reconcile this admission® with the suggestion that the
procedures which we use, the instruments, techniques, units and rulc’s
of conversion, are exhaustive of our understanding of ‘measurement’,
‘length’, etc? And if there is nothing further to our understanding of
these concepts, how can it be coherent to suggest that othe_:r people
might measure differently, might calculate in accordance with other
rules, etc.? . ' .
Wittgenstein wants us to regard our ways of .mfgrrmg, calculating,
etc., as techniques in which criteria for the application of concepts are
embodied, so that there is no legitimate question of the sour.zdness of
these techniques; the concepts with which they deal have no indepen-
dent standing to which the techniques must answer. No one ‘\.;voul’d
dispute this suggestion for concepts of the particularity of, say, mch’.
But it is wrong for the concepts which matter: ‘number’, ‘length’,
‘measurement’, ‘calculation’, ‘logical consequence’. We understand
these concepts in terms exceeding our own apparatus of calculating and
counting, measuring, and inferring exactly m.the respect whose im-
portance Wittgenstein so often stresses: their application. If some
habitual practice of a tribe is properly described as a kind of calculathn,
measurement or inference, it will be because of the kind of task to which
they put the practice: is it involved, for example, in di§trlbution qf
goods, in building work, in problem-solving? It is primarily the appli-
cation of the technique, and only in a subsidiary way its behavioural
character, which determines whether it is a kind of measurement, etc.
It is this which gives us an independent lever on the concepts of
measuring, etc.—independent, that is, of our actual techplques and
rules—in terms of which we feel our procedures to be superior to those

1 Cf. RFM v. 25-6 and BGM vi1. 24; contrast PI 1. x1 (p. 225).
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of the characters in Wittgenstein’s examples. Measurement with soft
rulers will be useless if the results are applied for the kinds of purposes
for which we measure; but if they are not, it is seriously unclear what
good grounds there could be for saying that these people who, talking
apparent English, solemnly lay floppy rulers alongside things and seem
to record readings are doing anything that may informatively be
described as ‘measuring’. Similarly, we could not apply the rule of
conversion, ‘1 inch = 4.96 centimetres’, in the same practical contexts
in which such rules are generally applied—for example shopping for
clothes abroad—and expect to get a decent fit. But if the rule is not
applied for such purposes, what makes it into a rule of conversion
between distinct metric units?

These points ought to be uncontentious. It thus remains difficult to
see that Wittgenstein is not seriously confused about the réle which his
examples of procedures supposedly alternative but similar to our own
can play. In the final analysis, the only kind of similarity that
counts—the master criterion, so to speak—is similarity of application,
similarity in what the procedures are used for. The actions of divining
the Tarot pack, consulting astrological charts, looking at the medical
history of the family, and examining the patient’s blood cholesterol
level have nothing in common in virtue of which they may all be
described as attempts to assess his chances of avoiding heart disease,
save that they may each be applied to such a purpose; there are
institutionalised techniques for forming beliefs about the future on the
basis of the results of each of these types of procedure.

Wittgenstein’s examples of alternative procedures thus lay him open
to the following dilemma. If we may presuppose that we share objec-
tives with the people in his examples, that the results which their
techniques yield are applied for similar purposes—they want, for
example, to know how many books they can fit on a shelf, or to buy
enough wood to last the week—then we can give a sense to the sugges-
tion that their notions of length, quantity, etc., are akin to ours, that
they apply similar concepts by different methods. But it also now makes
good sense to ask whose procedures are superior, are better adapted to
those objectives. It is like comparing interpretations of Tarot cards with
a prognosis based on medical research: the concepts of the meaning of
the statement being assessed are the same—there are not a pair of similar
but alternative concepts of the truth of a prediction of heart disease
involved. (And the wood-sellers may be viewed like children who are
easily persuaded to take a longer, flatter piece of cake in preference to a
shorter, thicker piece.) But if we may not presuppose that Wittgens-
tein’s people put the results of their ‘measuring’, ‘calculating’, etc., to
purposes similar to our own, then there is no longer apparent any clear
sense in which what they do may be described as ‘measuring’ or ‘cal-
culating’ at all. In particular they may not untendentiously be
described, as Wittgenstein describes them, as making a use of concepts
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of measuring, length, and equality of length ‘different from but akin to’
our use. For it has still to be made out that there is in what they do
anything which may rightly be regarded as the use of any such concepts;
nothing has been done to distinguish their performance from mere
ceremony.

6. In summary: Wittgenstein’s hostility to any non-conventionalist
conception of necessity has at least three strands. He wants to reject the
idea of a contract in understanding. He wants us to see our notions of
number, calculation, etc., as grounded in, determined by the tech-
niques which we employ; we have no ulterior understanding of these
concepts. And he wants to suggest that alternative rules and techniques
are conceivable.

Thus, to calculate properly is to calculate our way, to follow our
rules; but there is also the possibility of other ways of calculating,
measuring, etc., which are, as it were, incommensurable with ours.
These ideas are obviously in superficial conflict. How can other tech-
niques be incommensurable with ours if only ours count as correct?
The answer is, presumably, that if we calculated differently, that would
then be correct calculation; the correctness is internal to the procedure,
so to speak, and the incommensurability external. What I have been
concerned to draw out is a more deep-rooted conflict. We are owed an
account of what would make allegedly alternative ways of calculating,
inferring, etc., alternative ways of calculating, inferring, etc. If such an
account can be given, we must have some understanding of what it is to
calculate, etc., dissociated from implementation of our rules and pro-
cedures; but then, will it still be possible to suppose that our arithmetic
sets its own standards, once it is seen as one among alternative ways of
doing the same thing?

It depends upon what kind of account is given. In fact, it is clear that
some such account has to be possible anyway; for we do not react to the
suggestion that people might calculate differently as we react to the
suggestion that they might recite Eliot’s Waste Land in a different order
of verses—‘in that case they are not reciting the Waste Land at all’.
Whether or not what they are doing is a kind of calculation depends on
how they apply the results, how the activity is embedded in wider
contexts. On such considerations would depend our willingness to
describe some tribal activity as a mode of calculation. But if this is right,
at least in outline, then our understanding of the sense in which there
can be alternative modes of measuring, calculation, inference—and
associated with them different concepts of length, number and logical
consequence—is inconsistent with the thesis of incommensurability
among such alternatives. We identify them as different ways of doing
these things by recognising affinities of purpose between their users and
ourselves: and it is in terms of their suitability for these purposes that
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our and their procedures may therefore be compared. We shall count a
tribe as inferring one statement from another if, for example, they go
through some rigmarole involving both statements and then act as if
they believed them both where antecedently they displayed belief only
in one. But once a procedure is identified as an intended means of
passing from true statements to true statements, the question of how
well adapted it is to that purpose may significantly be raised.

At any rate, it may be raised if we may independently decide on the
truth-values of the statements. But the point which Wittgenstein really
wants to press home is that we may not. Calculation and logical infer-
ence themselves supply criteria for truth. This brings us back to the
question of the possibility of a conflict of criteria—the possibility of a
statement’s being true by inferential and false by observational criteria,
for example, if we inferred ‘anyhow’—which is what we must discuss
next. If we are to understand all the facets of Wittgenstein’s conven-
tionalism, it is essential to achieve an understanding of how he can
attempt to answer this crucial question. (The same, indeed, would

apply to any conventionalist theory of logical and mathematical
necessity.)
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1. Each of the analogies with measuring discussed in the previous
chapter seemed to have the intended point that logic and mathematics
create the standards for, give meaning to the concepts of valid infer-

ence, correct calculation, etc.; that there is, so to speak, no ‘independent

reality’ to which valid inference, correct calculation, etc., are subser-
vient. It was objected that, on the contrary, principles of inference and
calculation are answerable to the truth-values of the statements which
they enable us to connect. Our concern now is with what response
Wittgenstein has to this objection.

We need, however, a rather more definite formulation of the specific
account of the necessity of, for example, an individual arithmetical
proposition which Wittgenstein wants to suggest. So I want to begin by
enquiring in a little more detail what account we should see Wittgen-
stein as essentially proposing.

Consider again the rule of conversion, 1 inch = 2.54 centimetres.
We protested at Wittgenstein’s suggestion that this is simply the ex-
pression of a convention: it is no conventional matter how practices in
distinet metric systems correspond—on the contrary, it must originally
have been a matter for discovery. The relation between the inch and the
centimetre must originally have been settled by empirical means. But
does the rule, then, state an empirical truth? Surely not; it is no
contingent matter how many centimetres there are to the inch. So how
could we have discovered a necessary truth by empirical means?

What certainly seems a necessary truth is that, whatever unit of
length we have adopted, if at time ¢, an object is measured correctly in
terms of that unit and does not change between ¢, and ¢,, then the same
reading will be obtained if at ¢, it is again measured correctly in terms of
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the same unit. So much is part of what we mean by ‘correct measure-
ment’. This proposition—call it a)—holds irrespective of the unit of
length involved; so it follows that whenever a correctly-measured
object proves to be m inches long, it will always, so long as its length has
not changed, prove if measured correctly on a metric ruler to be some
constant number, », of centimetres long. It is thus implicit in the idea of
correct measurement that there should be a rigid correspondence, m:n,
between the units in the two systems.

Now, what we discover by empirical means when we attempt to
determine this correspondence is that when we measure a ruler gradu-
ated in the units of one system by means of a ruler graduated in the units
of the other, and when by ordinary criteria this is done correctly—we do
not allow the rulers to slip, etc.—and when by ordinary criteria they do
not change in the process—there is no shrinkage or distortion—then we
almost always get the same result: 1 inch on the imperial ruler corres-
ponds to just over 2} centimetres on the metric ruler; in fact, if the
rulers are sufficiently finely calibrated, to something very close to 2.54
centimetres. This quantitative relationship is borne out on almost every
occasion on which we correctly measure, by ordinary criteria, an object
on one of the rulers and then use the relationship to predict the outcome
of correct measurement with the other ruler. Thus we arrive at a
statistical generalisation about how seemingly correct measurements in
the two systems of seemingly unchanging objects tend to correspond.
By a), however, there must be some exact correspondence; if we really
measured an unchanging object absolutely accurately in both systems,
we should always get exactly corresponding results. That our results
cluster around 1 inch = 2.54 centimetres strongly suggests what this
result would always be. And so we dignify ‘1 inch = 2.54 centimetres’;
we transform its status from that of statistical generalisation to one of
rule; we give a specific value to the rigid correspondence which our
concept of correct measurement leads us to suppose that there must be.

Wittgenstein endorses this account of the matter. Thus v. 48:

‘Have we not determined the relative length of the foot and the metre
experimentally?’ Yes, but the result was given the character of a rule.

The above elaborates this remark by trying to suggest why we should
give the result this character. It is not that we discover a necessary
statement by empirical means; rather we are already pressured by our
concept of correct measurement into regarding some such statement as
necessarily true, and what we determine by empirical means is which
candidate we may most conveniently adopt.

What is the connection between such a picture of the necessity of ‘1
inch = 2.54 centimetres’ and the idea of concept-modification? In &) a

: liaison is already established between the concepts of correct measure-

ment, lack of change in the object measured and sameness of outcome.
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Thus in either system, imperial or metric, before a rule of conversion
was established between the two, it would have been a criterion for
saying either that mismeasurement had occurred or that some change
had taken place in the object if different results were obtained on
different occasions. This would be so even if, by ordinary observational
criteria, no change seemed to have taken place and the measurements
seemed to have been carried out perfectly properly. The users of cach
system thus possessed two kinds of criterion for saying that the length of
an object had changed: a purely observational criterion, based just on
the look or feel of the thing, and the getting of divergent results by
correct measurement. Correspondingly they had two kinds of criterion
for mismeasurement: overt bungling of the process, and the getting of
divergent results with respect to an unchanging object. (Whether
divergent results would indicate change or mismeasurement would, of
course, depend on context and theory.) However now, as a result of
adopting a rule of conversion, a new kind of criterion is introduced for
mismeasurement or change, resting on a fresh notion of when results of
measurement are divergent. Before it was fixed as a rule that 1
inch = 2.54 centiiaetres, it would not have been regarded as a criterion
of inaccuracy or change in length that the same object measured 1 inch
on an imperial ruler and 2.58 centimetres on a metric ruler; we should
have had no expectation about the metric measurement and if, on
measuring again on the imperial ruler, we again got a reading of 1 inch,
there would have been no reason for us to suppose that the object was
fluctuating in length or to suspect any of the measurements. Now,
however, we are bound to regard these readings as divergent.

So much is clear. For a Wittgensteinian, however, this is a modifica-
tion and extension of the concept of divergence among results of
measuring; and with it go modifications in the concepts of change in
length and accurate measurement. Once a correlation between the
systems is established, we have on the basis of measurement in either of
them a concept of how measurement in the other ought to turn out. We
then say, of course, that before the establishment of the correlation, it
would still have had to be the case that an object x inches long would,
when measured correctly by a metric ruler, have turned out to be 2.54x
centimetres long. But this sort of subjunctive conditional, though it
purports to abstract away from the present situation to one in which we
may have known nothing about the metric system, has, on a Wittgen-
steinian viewpoint, itself undergone a modification of sensc as a result
of our fixing a rule of conversion between the systems.

2. The force of this view of the example, may become clea_rer if we
contrast it with a view analogous to the conception of logical and
mathematical inference which the Wittgensteinian view opposes. On
such a view, to speak of the relation between units of length is, as usual,
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to speak of the relative sizes of paradigms of those units; but since we do
not disallow that the paradigms might themselves shrink or expand,
what we are really talking about is the relation between the amounts of
space involved, so to speak, to which the relation between the para-
digms will correspond, provided they have undergone no change.
Wittgenstein’s suggestion was that when we settle on a particular rule of
conversion between the inch and the centimetre, we give a new rule, in
terms of results in one system, for how measurement in the other
system of an unchanging object will turn out if carried through cor-
rectly; thus a modification in the concept of correct measurement has
been effected. But it is obviously improper to speak of such a modifica-
tion on the present, highly realist view of the meaning of ‘1 inch = 2.54
centimetres’. If a pair of rulers, one imperial, the other metric, really are
suitable to serve as paradigms, if, that is to say, the calibrations on them
really do correspond to the inch and the centimetre, then irrespective of
whether we have settled on any correlation between the two systems, it
is already the case in virtue of the objective correspondence of the
amounts of space involved that the results obtained by simultaneous
correct measurement of an object on both rulers must have a certain
pre-determined numerical relationship.

Suppose that there are in this objective sense precisely 2.54 cen-
timetres to the inch. Then what is being insisted on is that if an object
measured simultaneously on both rulers turns out to be 2 inches and 5
centimetres long respectively, then something is objectively amiss with
the measurement. Of course, it might have seemed to us, before we
knew how to convert inches to centimetres, that both measurements
had been carried out correctly. But this would have been a factual error.
Provided both rulers were properly calibrated, it would have had to
have been the case that at least one of the measurements taken was
inaccurate. There would have had to have been something detectable in
principle by ordinary criteria of inaccuracy—a failure to locate the ruler
properly, a slight movement of it, a miscount of the calibrations, etc.
Even if observers reported no such occurrence, something of the sort
would have had to have happened—something which a more sensitive
observer could have reported to us, which God could have known
about.

Because it is in this way an objective issue whether objects have
changed in length, whether measurements have been carried out prop-
erly, whether rulers used are properly calibrated, we are, when we fix a
rule of conversion between the imperial and metric systems, answerable
to a domain of pre-existing, objective fact. If we get the exact relation-
ship wrong, we shall be in the position of employing a false criterion for
these concepts; we shall time and again be in the situation of postulating
change, mismeasurement or miscalibration where nothing of the sort is
s0. We have, when we come to fix on a rule of conversion, a responsibil-
ity to these already fully-determinate concepts, a responsibility to the
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way in which in any particular case they already objectively apply. What
we amass, when we experimentally investigate the relationship between
the inch and the centimetre, is evidence not of what convention it would
be most convenient to adopt but of what is the true numerical ratio
between those measures.

Talk of the inch and the centimetre as absolutes in this way would
make most people uneasy, at any rate when it is suggested that not even
the paradigms of these units may exemplify them properly. Neverthe-
less we do ordinarily employ an, in the relevant sense, realist concept of
length: we draw a distinction between making the most painstaking and
refined measurement of the length of something and actually measuring
it accurately. We are pushed in this direction partly by the variability of
the results which we get when we have no independent reason to
suppose that the object measured is changing; and partly because
whatever methods of measurement we use seem to yield non-transitive
discriminations of length in certain cases—real lengths, of course, being
allowed to differ by too small an amount for an apparatus to detect.
Thus, even if we should ordinarily question the platonist notions of the
inch and the centimetre just sketched, we regard questions of sameness
in and change of length as objective. Judgments of sameness and change
are going to be made on the basis of whatever rule of conversion is
adopted between the imperial and the metric systems; so the rule
picked upon must thus answer to certain antecedent facts.

3. To what extent could an anti-realist endorse such a conception of
length? Anti-realism would presumably allow ascriptions of length to
an object to be intelligible only in so far as we possess criteria for
determining whether or not they are correct. But we have no criterion
for determining the correctness of an ascription of real length, in the
sense just sketched. A natural suggestion would be that an anti-realist
should regard statements of length as concealed generalisations con-
cerning the outcome of actual and hypothetical measurements—
perhaps, specifically, as postulations of a limiting numerical value for
such measurements. The notion of truth appropriate for such state-
ments will then be that appropriate to any inductive generalisation, that
is, perhaps, no notion of truth but merely one of acceptability.
Now, the question is whether the Wittgensteinian attitude to ‘1
inch = 2.54 centimetres’, which 1 have tried to indicate, is anything
other than the mintmum required by an anti-realist view of length. It is
arguable that it is, and it will be enlightening to see why. If, as
anti-realists, we abandon the idea of the length of a thing as an objec-
tive, determinate feature of it, it is certainly no longer intelligible to
think of a rule of conversion as answerable to the results of accurate
measurement of the length of an object in both units; still less as
answ _rable to the fact of how the platonic inch and centimetre corres-
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pond. But we shall continue to employ the same practical criteria for
miscalibration of a ruler that we now use, along with the same practical
criteria for a measurement’s having been botched. One of the latter
criteria will still be the getting in suitable circumstances of divergent
results. Only it will not any longer be possible to think of the connection
between divergence and mismeasurement just as guaranteed by the
uniqueness of the object’s real length, so that at least one of any
divergent pair of accounts of it must be wrong. How, then, will the
connection between these concepts now be interpreted?

There seem to be possible three broadly different accounts of the
matter within the framework of rejection of a realist conception of
length. To begin with, a position could be adopted analogous to that of
the intuitionists in mathematics. Suppose A and B have each been given
what is, by ordinary criteria, a perfectly properly calibrated ruler and
now simultaneously measure the same side of an object, getting margi-
nally different results. By the contrapositive of the principal, «) it
cannot be that both measurements are correct. Now we should ordi-
narily allow the truth of something like the following. The outcome of a
process of measurement is ‘stacked’, in much the same way that the
outcome of selecting someone from a group by means of the rhyme,
‘Eeny-meeny-miny-mo’, is stacked. Given the number of people in the
room and the place where I am to start, and given that I go through the
rhyme properly, it is determined in advance who will be selected.
Similarly, given that the ruler meets ordinary criteria of correct calibra-
tion, and given that the object to be measured does not by ordinary
criteria change its length, and given that by ordinary criteria I measure
properly—I don’t wobble, slip, miscount the calibrations, etc.—it is
determined of the outcome at least that it will fall within a certain range.
The properties of the measured object and of the ruler, as determined
by ordinary criteria, and the concept of accurate measurement, as fixed
in operational terms without reference to the result, fix boundaries
within which the result must come—though unlike the situation with
the rhyme, there is sonic measure of flexibility. Wherever, therefore,
results fall outside those boundaries, it must be the case that by other
ordinary criteria we have a mismeasure or a change either in the
measured object or the ruler. Similarly, wherever different people in a
group are selected by the rhyme, then it must by other ordinary criteria
be true to say that the selectors started in different places or that at least
one did not carry out the procedure properly.

What, though, is the position if the results fall within the margin in
question? There need in that case be no independently, practicably
noticeable mismeasure or change in the object measured or in the ruler.
Suppose that the results of A and B differ within this margin. What
account does an anti-realist give of the requirements here of the princi-
ple a)—if indeed he does not reject it?

The attitude corresponding to the position of the mathematical
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intuitionists would be something like this. In such a case it must still be
true that something recognisable occurred in virtue of which A and B
reached divergent results. Change in the object is ruled out by the
hypothesis of simultaneity, so there must have been a mismeasure or
something amiss with one of the rulers which could in principle have
been recognised by ordinary operational criteria of correct measure-
ment and suitability of rulers. We do not have to postulate a God-like
being with infinitely fine perceptual powers to give sense to this idea; all
that is required is a human being with abnormally fine perceptual
powers, and the same concepts that we have—someone able to make
much finer discriminations by eye than we can make.

Such a person, if his memory were as sharp as his vision, might well
have no need of measurement in most practical contexts where we
measure. Nevertheless we are still talking about a person; his powers are
not infinitely refined, but merely sufficiently refined to cope with the
actual degree of divergence between the results of A and B. The
intuitionistic picture of the situation is thus that our grasp of the
concepts of correct measurement, as fixed by operational criteria, and
of correct calibration—though for convenience the latter will be left out
of account from now on—exceed our capacity to apply them in a
practical way; exactly as our grasp of the concept, ‘prime’, as applied to
natural numbers exceeds our ability in practice to recognise whether it
applies in a particular case. For the intuitionists, the sense of ‘prime’ is
fixed by its association with an effective criterion of application; it is
thought of as a determinate question how the application of this crite-
rion works out in any particular case. The outcome, as with the rhyme,
is always ‘rigged’, even if we cannot in practice determine what it is, by
the identity of the number concerned and the character of the decision
procedure; ‘n is prime’ thus has, for the intuitionists, a determinate
truth-value irrespective of the size of n, For we can imagine beings,
mentally more dexterous than we, who could in fact effectively apply
our decision procedure for ‘prime’ to numbers much greater than we
can. The proper description of such people is that they are able to
discover facts which we are prevented from discovering by purely
practical limitations.

On this view, we may allow that a concept applies in any circum-
stances in which a community of beings would sincerely report it as
applying who have undergone the same training as we, but whose
practical limitations—eyesight, intelligence, memory, etc.—though of
the same kind as ours, are less in degree. What may not be allowed is an
appeal to what would be ‘recognised’ by beings with some sort of
infinitary capacity; the capacity, for example, to exhaustively examine
all the natural numbers, or to determine visually arbitrarily small mis-
alignments of rulers. The view thus produces an asymmetry between
the concepts of correct measurement and of mismeasurement. If a
mismeasure occurs, it will be in principle possible for us to recognise
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that it has done so, and in practice possible for a being of sufficiently
refined, though still limited, perceptual powers. The same cannot be
said of correct measurement. However subtle someone’s powers of
perceptual discrimination may be, it is possible, provided he has some
such limitations, that differences—in the alignment of the rulers, or
whatever—may occur which are too small for him to detect. Thus
recognition of correct measurement is impossible for a being with
limitations akin to our own.

Wittgenstein asked,® to what reality does ‘1 inch = 2.54 centimetres’
correspond? From the present anti-realist point of view the answer will
not be: to the fact that an object correctly measured to be x inches long
would prove, if correctly measured on a metric ruler, to be 2.54x
centimetres long. The notion of correct, absolutely accurate measure-
ment is a fiction, for we lack any effective criterion for recognising when
an object has been so measured. But it does not follow that there is
nothing, no reality, to which the rule of conversion is answerable. The
principle ) cannot survive such a repudiation of the notion of accurate
measurement, but its contrapositive can. In particular, if distinct
simultaneous measurements of an object give different results, it can
still be insisted that one or both must be regarded as inaccurate. The
contrapositive thus continues to exert the same pressure on us to adopt a
rule of conversion; for it postulates error somewhere in any two simul-
taneous pairs of measurements, each involving an imperial and a metric
reading, which do not stand in the same numerical ratio. And the rule
which we adopt will serve as a criterion of mismeasurement in circum-
stances like those of A and B above. The fact of mismeasurement,
however, s, on this view, always an in principle recognisable, objective
matter. The reality to which the rule of conversion is answerable is thus
the reality of the application of the concept of mismeasurement. The
rule of conversion does not provide a new criterion for the application of
this concept, except in the trivial sense that it is a criterion which we
have not used before. The concept for which it is to be a criterion is
unchanged, and on the way it applies turns the question what rule of
conversion should be adopted.

In summary: the intuitionists’ brand of anti-realism would appear
not to entail what I am presenting as Wittgenstein's view of ‘1
inch = 2.54 centimetres’. For someone who adopted the intuitionist
point of view, the notion of ‘correct’ measurement would be a fiction.
But he could still conceive of the outcome of any process of measure-
ment as ‘rigged’ by the concept of accurate measurement, as determined
by operational criteria; the more refined an application one is able to
make of the ‘instructions’ for measuring, the smaller the range of results
one can get in a given case while seeming to follow the instructions.
Thus if A and B get divergent results when they measure an object
simultaneously, their degree of divergence will always lie outside the

VRFM 1.9,
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range compatible for some being of sufficient perceptual refinement
with neither of them having mismeasured; and ke will then be able,
independently of the results which they get, to detect an error. What ‘1
inch = 2.54 centimetres’ has to answer to is our operational criteria of
mismeasurement as applied by a being of an arbitrary, though still
limited, degree of perceptual refinement.

4, The position changes if we adopt a more austere brand of anti-
realism. Such an anti-realism would claim that it is insufficient, in order
for the idea of the truth of a particular statement to be intelligible to us,
that we conceive that, were it true, we could at least ‘in principle’
recognise that it was so by recourse only to criteria which we already
accept. Rather, it would be insisted that a statement may be intelligibly
hypothesised to be true only if its being so implies a practical capacity on
our part to recognise the fact.

Such an anti-realism generates the Strict Finitist philosophy of
mathematics outlined by Dummett.' There is some evidence in
RFM-—notably, the repeated emphasis on the surveyability of proofs
and the character of some of the criticisms of Russell’s conception of a
logicist foundation for mathematics—to suggest that Wittgenstein may
have favoured such a view. But this is not the place at which to discuss
the question.? Our present concern is with how Wittgenstein’s view of
‘l inch = 2.54 centimetres’ differs from other views which may be
regarded as products of an anti-realist outlook. So it is in point to
consider the most extreme version of that outlook.

On such a view, mismeasurement has occurred only if we can in
practice recognise by ordinary criteria that it has. There is therefore no
question of our needing to adopt a rule of conversion between inches
and centimetres which would accord, when used as a criterion for
mismeasurement, with applications of that concept which not we but
only perceptually more refined creatures could directly recognise.
How, indeed, could we discharge such a responsibility? But even on
this view it may be accepted that there are antecedent facts to which our
choice of a rule of conversion is answerable: the fact, namely, whether
in any particular case something which we could in practice recognise as
a mismeasure has actually taken place. The point concerns the sense in
which it may be maintained, even on this view, that the outcome of a
process of measurement is ‘stacked’. Even if the range of cases to which
a concept applies is restricted to those where we can in practice recog-
nise its application, it is still natural to think of there being a loose but

' 23 (2, pp. 504-6); cf. Bernays 5 (2, pp. 280-2); Kreisel 53, section 7; and Wang 75 (76, pp.
39-41). For discussion of strict finitism and the semantics of vagueness, see Dummett 28. For
(purported) steps towards the development of strict finitist mathematics, see Yesenin-Volpin 81
and 82. Kielkopf’s 51 purports to interpret RFM as expressive of a strict finitist philosophy of
mathematics, but mistakes what Dummett and Kreisel had in mind.

? We shall do so in Chapter VII.
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internal connection between the concept of correct measurement, the
properties of the object to be measured, and the outcome which we get.
We want to say that if by ordinary operational criteria an object is
measured properly both in inches and centimetres, the results must
always lie within certain vague though close boundaries around a fixed
numerical relationship. Therefore if they do not do so, something
practicably recognisable as a mismeasure must have occurred. It may
thus be allowed that, even on this version of anti-realism, a rule of
conversion is answerable to the reality of pre-determined applications
of certain concepts. When we adopt a rule of conversion it is not a
matter, as Wittgenstein suggests, simply of giving our blessing to an
empirical regularity, of dignifying it to the status of a rule. We are
committed by the understanding which we already have of the concept
of properly executed measurement, even where this understanding is
interpreted in terms of the present extreme anti-realism, to accepting a
rule of conversion falling within a certain numerical range.

This is not, of course, to say that there is anything to choose between
rules which fall within this range. Thus there could in fact be associated
with this version of anti-realism a sense in which accepting the rule, ‘1
inch = 2.54 centimetres’, effects a modification of concepts. Suppose
that A and B make repeated simultaneous measurements of an object, A
in centimetres, B in inches, that all their measurements are by ordinary
criteria properly executed and that the results cluster around the ratio,
2.54:1, which is then adopted as a rule of conversion. It will likely be
true that some of the measurements which they took did not lie exactly
in this ratio. If the rule of conversion is now used as a criterion of
inaccuracy in such cases, then we shall be applying the concept of
mismeasurement to cases where, before we had the rule, there would
have been no ground whatever for applying it—cases which, without
the rule, could not in practice have been recognised as involving inaccu-
rate measurement. Now, on the ‘intuitionistic’ view it was true even in
such cases that the concept already applied; a being of sufficiently
refined perceptions could have recognised it to do so. But if concepts
get their content only by reference to conditions which we can actually
recognise, there can no longer be any sense in the idea that, before any
rule of conversion is adopted, such cases can already involve mis-
measurement. Rather by adopting such a rule we have fixed a new kind
of application for the concept, and thereby have modified it exactly as
the sense of ‘green’ would be modified if it were stipulated that it was to
apply to a shade of colour to which previously it was not determined
that it should apply.

It is, indeed, unclear whether even the contrapositive of ) survives
on this standpoint—whether measurements of an unchanging object
may not give marginally different readings yet be regarded on this view
as equally correct. Correspondingly, it is unclear whether there is any
pressure now to adopt an exact rule of conversion. But any exact rule
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that is adopted will involve a modification in the concept of mis-
measurement. It will give us a new criterion for when mismeasure-
ments have been carried out, determining that the concept should apply
to cases where formerly it did not.

Nevertheless, though it may be beginning to sound like it, this is still
not Wittgenstein’s view of the matter. For, as we saw, it is open to
someone who adheres to this extreme anti-realism still to maintain that
we have in choosing a rule of conversion an obligation to the range of
application of the notion of mismeasurement as it was before. If it is in
the nature of correct measurement, as determined by ordinary, practi-
cal criteria, to produce in any given case results lying within a certain
range, then the adoption of any principle which requires that only
results lying outside that range can be regarded as properly reached will
simply import incoherence into the concepts of correct and incorrect
measurement.

Suppose, for example, that we adopted the rule of conversion, ‘1 inch
= 3.54 centimetres’. Then whenever by ordinary operational criteria A
and B measure accurately, the rule will require us to say that one, or
both, has mismeasured. And whenever they get something like the
right results, according to the rule, it will be patent that one or both
measured in an overtly slipshod way. Nothing now will count as correct
measurement for A and B. However carefully they try to measure
correctly, they will get results whose mutual discordance requires them
to say that one or both has not succeeded. Only when they are deliber-
ately careless, when they measure in such a way that they would
ordinarily be quite mistrustful of the result, will they get anything like
the results which, by the rule, they ought to get—and then not
dependably.

As remarked, it is unclear whether from a ‘strict finitist’ standpoint
the notion of the length of an object will not become essentially ap-
proximate, so that each of a range of readings resulting from, by
practical criteria, properly conducted measurements will be regarded as
equally correct. In that case there will be no exact rule of conversion
from inches to centimetres; the sign of equality in the rule will rather be
regarded as expressing approximate equality. But the considerations
just adduced about the effects of picking a wrong rule, whether the right
one(s) are considered as approximations or not, will continue to apply.

So long as measuring is to serve practical purposes, the idea of correct
measurement must be linked as closely as possible with safeguards
which we can in practice follow out. To adopt just any old rule of
conversion would be to sever this link.

5. How, then, does Wittgenstein’s account differ from this? It is

not that he is committed to rejecting the suggestion that for practical
purposes some rules are superior to others. What is questionable for
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him is the view involved of the generalisation on which this suggestion

is .bas.ed: the generalisation that only if A and/or B have by ordinary

criteria mismeasured will they get something like the right result if, for
example, ‘1 inch = 3.54 centimetres’ is the rule. There is nothin,g in
anti-realism as such, even the extreme version entertained, to prevent
someone from regarding this generalisation, in the orthodox way, as
depending upon an internal relation between the notion of mis-
measurement, as determined by ordinary practical operational criteria
and the range of results achievable by measuring an unchanging objecé
several times; that is, as comparable to the generalisation: only if they
start in different places or one of them misapplies the procedure will A
and B select different objects by means of the rhyme, ‘Eeny-meeny-
mmy-mo’. It is, however, unclear whether Wittgenstein is in a position
to give to the idea of an ‘internal’ conceptual connection the content
requisite even for the ‘strict finitist’ view. In order to characterise our
or.dmary conception of such connections, we have to do two things.
First, we have to be able to make sense, for example, of an overlap, or
exclusion, between the ways in which certain expressions are corre(,:tly
used; we have to make sense, for example, of the generalisation that the
conditions under which it is right to say that A’s and B's results are in
something like the ratio 1: 3.5 are all conditions under which it is right
by ordinary criteria, to describe one of them as having mismeasured.
Then, secondly, a distinction has to be drawn between cases where such
a relation is fortuitous, where the world just happens to have worked
out that‘ way, and cases where it is in the character of the senses of these
expressions—the concepts of their correct use—that they should have
such a relation. To talk of internal relations between two concepts is to
talk of relations between the patterns of application constitutive of their
correct employment, relations between the ways in which it is right to
use them, irrespective of the circumstances which crop up warranting an
application of either. An internal relation between the senses of two
cxprf:ssions is fixed, for example, by associating one with one rule of
application and the other with another in such a way that, irrespective
of how the world turns out to be, they may not correctly be applied
together.

_ This is meant only as the crudest description of our ordinary concep-
tion of the matter. But it is enough to make it highly implausible that the
ordinary conception can survive Wittgenstein’s treatment of the notions
of following a rule; using an expression in accordance with its meaning
etc. For Wittgenstein, as we saw, there is simply no sense in the idea o%
an expression’s being associated with an objective pattern of use which
any fresh, so far unconsidered application of it must determinately
either breach or continue. There is no objective content to the idea of
continuing to use the same expression in the same way. That being so
there is a fortiori no objective content to the notion of a relation between'
the ways in which expressions are to be used; or better—we may not
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countenance the suggestion that such a relation can obtain unrecog-
nised just in virtue of independently established patterns of use for the
two expressions. We may still, as it were, decide to link the use of two
expressions in a certain way. What may not be accepted is the concep-
tion that, by establishing for each of them a certain pattern of correct
use, we may already have implicitly taken such a decision without
knowing it. Such an idea makes sense only if we think of the pattern of
use as something finally established, and objective; and for Wittgen-
stein it is no such thing. It is therefore senseless to suppose that certain
objective relations may hold between such patterns which may be veiled
from us, which it may, for example, take a proof to bring to light, and
which are in any case appropriate material for recognition.

On this view, there is no way in which it can be objectively implicit in
our concept of correct measurement, as fixed by ordinary operational
criteria, that if A and B measure correctly, their results must approxi-
mate to a fixed numerical relationship. All we can be sure of is that
simultaneous measurements of an object, when carried out properly by
ordinary criteria, tend to produce similar results or, if different units
are involved, results which cluster closely around a certain ratio.
Indeed, even this does not quite get the flavour of Wittgenstein’s
attitude. The following is better: we have standard inductive grounds
for supposing that whenever we are prepared to allow that simultaneous
measurements of an object have been carrried out properly, what we are
prepared to accept as properly taken readings will be nearly identical,
or, if carried out in different units, will come close to a certain fixed
ratio. It is not determined in advance what (if we remain ‘faithful’ to our
understanding of the relevant concepts) we shall count as proper con-
duct of the measuring or proper taking of the readings; but there is
evidence of an inductive sort for the kind of supposition just described.
Such a supposition ‘we then transform into a linguistic rule.

Our discussion of this example, then, suggests the following sort of
account of the concept-modification thesis. Accepting the rule, ‘1 inch
= 2.54 centimetres’, gives us a new criterion for when measurements
have been properly carried out not just in the trivial sense that we have
not used this criterion before—nor even in the sense, admitted by
extreme anti-realism, of allowing us to describe as ‘mismeasures’ cases
which previous criteria did not determine to be so—but which is new in
this sense: that even if ‘="1is read as ‘is approximately equal to,’ the rule
is not properly seen as a description merely of something implicit in the
notion of correct measurement as it was determined by operational
criteria before the rule was adopted. Of course we now say that, even
before the rule was adopted, if A and B had simultaneously measured an
object and their results had substantially diverged from the approved
ratio, there would have had to have been an error by criteria then
acknowledged. But what we now say is expressed in terms of Fhe
concepts as they now are, after the modification occasioned by adopting
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the rule. In like manner, acceptingany statement as necessarily true will
modify concepts, will provide new criteria for the correct application of
the expressions involved. The criteria will be new in the sense that they
may not be regarded merely as explicit formulations of something
which was already implicit in the character of the concepts in question.
Proofs thus essentially modify concepts because they persuade us to
accept statements as necessarily true, to interweave the criteria of
application of the expressions which they involve.

6. We have yet to see how, or whether, this account may cope with
the difficulties attending the concept-modification thesis with which we
were concerned in Chapter I1I. We shall approach that question in the
next chapter. First, we must apply the account to the general objection
to conventionalism with which we began this chapter: that principles of
inference, calculation, etc., have to answer to the truth-values of the
statements which they allow us to connect.

The short answer is that this commitment could be met whatever
principles we adopted, since the principles would contribute towards
determining the truth-values of those statements. There is no question,
for example, of our having as a principle of inference something which
enables us to infer a false statement—by observational criteria, for
instance—from true ones; if we really propose to treat the principle as a
rule of inference, we shall describe any situation which seems to be of
this sort as one in which the relevant non-inferential criteria of truth and
falsity were misapplied—the premises were not really true, or the
conclusion not really false.

Dummett takes issue with this reply. His example is that of a tribe
who count as we do but have not yet devised the concept of addition, so
that when asked to determine the number of things of some sort, they
always count up even where we should regard the result as implicit in
the results which they have already obtained.! We now teach these
people our principles of addition; and as a result they now come to
regard themselves as having miscounted in situations in which pre-
viously they would have accepted the results; viz. when their results do
not ‘add up’. Previously they would have regarded themselves as having
miscounted only if they noticed the making of some particular mis-
take—or if they thought that the making of a mistake was particularly
likely, because the objects were milling around, or whatever. But now,
irrespective of whether they notice a particular error, they will some-
times assert that they have miscounted just on the basis of the results
which they get.

Suppose that in some context a member of the tribe asserts in this
way that he must have miscounted just on the basis of the results which
he has obtained. Dummett’s question is: is this assertion true by criteria

123 (2, pp. 498-9).
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which were formerly acknowledged or is it not? That is, did something
occur which the tribesman would have regarded as a mistake, had he
noticed it, even if we had never introduced him to the principles of
addition? If so, then according to Dummett the effect of our introduc-
ing the tribe to the concept of addition is not properly described as
giving them a new criterion for when counting has not been done
correctly. Rather we have taught them to recognise getting additively
wayward results as a symptom that circumstances obtain, perhaps
unnoticed, which would justify them by the criteria which they for-
merly employed in asserting that a mistake had taken place. On the
other hand, if we say that there need have been nothing, other than the
getting of the ‘wrong’ result, such that if the tribesman had noticed it,
he would have been justified by his old criteria for correct counting in
describing as a mistake, then we appear to be committed to saying that a
mistake can occur in counting without any particular mistake’s having
occurred; it can be true that someone has miscounted without it being
true that he has counted John twice, missed Jane out, etc., right
through the disjunction of possible counting mistakes. But this cannot
be allowed. If a disjunction is true, one of the disjuncts must be true, so
it cannot be correct to admit as a criterion for the truth of a disjunction
something whose obtaining does not guarantee the truth of one of the
disjuncts.

Generalised, the dilemma is this. Our original objection to the pro-
posal to regard our principles of inference just as constitutive of the
notion of valid inference, as suggested by the measuring analogies—as
answerable to nothing external—was that they are on the contrary
answerable to the truth-values of the statements which they enable us to
connect as premisses and conclusions, and that to be valid they must not
permit the derivation of a false conclusion from true premisses. Witt-
genstein’s answer was that the truth-value of premisses and conclusion
are not, in the way the objection suggests, predeterminate. If one of our
rules of inference gets us from what seemed, by non-inferential criteria,
true premisses to what seems, by non-inferential criteria, a false conclu-
sion, we say that those are not really the truth-values—that the criteria
involved must somehow have been misapplied. Dummett’s point is
then that the assertion that such a misapplication has taken place is
typically to be understood as the assertion of a disjunction; if criteria
have been misapplied, they must have been misapplied in a specific
way—a specific mistake must have been made among the range of
possible mistakes. And now, would ordinary criteria for the occurrence
of such a mistake have enabled us, had we noticed it, to recognise
something as a particular mistake in any such case? If not, then Witt-
genstein appears to be committed to allowing that some specific mistake
can have occurred without it being possible to recognise it as such by
ordinary criteria. For the principle of inference only licenses us to say
that some mistake has occurred; it does not show us which. But if we
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reject the idea that a specific mistake can occur without its being in
principle possible to recognise it by ordinary criteria, then our adoption
of principles of inference is answerable to such criteria; if something is
going to serve as a criterion for the truth of a disjunction, we have a
responsibility to ensure that it coheres with established criteria for the
truth of the individual disjuncts.

7. How should a Wittgensteinian tackle this dilemma? One strategy
might be as follows. Since we regard it as part of the meaning of a
disjunction that if it is true, one of its disjuncts must be true, anything
which we regard as a criterion of the truth of a disjunction is ipso facto to
be regarded as a criterion of the truth of one of the disjuncts. In that case
the getting of results, prohibited by the arithmetic of addition is indeed
a criterion for saying that we counted Jane twice or missed John out or

. . etc. We take the getting of the ‘wrong’ result precisely as a criterion
for saying that something specific must have occurred which, had we
noticed it at the time, we should have regarded as a mistake even before
it issued in the wrong result.

This is to accept one horn of the dilemma. But it will provoke the
protest that we can’t just make it true that some specific error has
occurred, merely by adopting certain rules of inference. Either a
specific mistake has occurred or none has. If none has occurred, then
the assertion that one has is false; and if one has, then since it has been
conceded that it must therefore have been possible to notice it in terms
of ordinary criteria, how can we guarantee this possibility just by a
convention?

Imagine an isolated sub-culture in our society who, as a result of a
freakish series of unnoticed errors, magical appearances and disappear-
ances of objects, etc., have generally found it to be the case that
whenever they count twenty-three F's and fourteen G’s, a seemingly
correct count of the F-or-G’s gives thirty-eight. Suppose these people
have adopted it as a rule that 23 + 14 = 38, and use it as we use our
arithmetical rules as a criterion for what results of counting should
be in certain circumstances. Now the freak happenings peter out on
them, but they go on saying in such circumstances that, unless they
get ‘38, some definite error must have occurred. These people, we
should want to say, are simply wrong. There need have been no such
mistake.

What we are appealing to is the idea that the concept of a mistake in
counting is already fully determined by its operational criteria, that the
criteria accepted by the tribe, for example, before we taught them to
add, already determine whether a specific mistake has occurred in any
particular count-up. There is thus no room for new criteria unless it can-
be ensured that their results of application essentially coincide with
those of the criteria which we already have.
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Now, we know that such a conception, of the existence of a deter-
minate range of cases in which by the old criteria a mistake in
counting occurs, will be repugnant to Wittgenstein on general grounds.
But what is also striking is that it is totally unclear how we could force
members of the sub-culture to change their arithmetic. How could we
demonstrate to them that when they count twenty-three girls, four-
teen boys and thirty-seven children, no counting mistake need have
occurred?

If the difficulties here are not immediately apparent, it is because the
discussion so far has been oversimplified. Logic and mathematics
furnish criteria not merely for the misapplication of certain procedures
but for the way in which the world is behaving in certain other respects.
If we count five girls, seven boys and then thirteen children, a miscount
is only one possibility. A child may have been hiding, or may have come
into the room during the counting—or something more outlandish
might have occurred along the lines of hallucination, or the spontane-
ous creation of a child, or whatever. And these events, like miscounts,
are things whose occurrence may be observed. But, of course, in our use
of statements about the external world we draw a distinction between
how things seem to us when perceptually assessed and how they may
actually be. Thus the criteria for miscounting used by the tribe before
we taught them to add will not have amounted to conclusive tests;
perception never gives us indefeasible verification of how things are in
the world. It is merely that we are hardly ever called upon to suppose
that, with respect to the sort of statement whose truth we should regard
as explaining discrepant counting results, things may be other than as
assessed by perceptual criteria.

Thus to the objection, how can our adoption of a convention
guarantee the existence of a specific something which pre-addition, oper-
ational criteria would decree as a counting mistake, one answer would
be that, even if it cannot, we run no risk of being found out. For if
perceptual evidence most strongly suggests that no counting error
occurred, that in itself was never in any case regarded as decisive that
there was none. The effect, then, of adopting the rule, 23 + 14 = 38,
cannot uncontentiously be described as enjoining the use of a criterion
for the occurrence of counting errors which may actually be no such
thing, which may conflict with the concept of a miscount as already
determined. For, quite apart from the question of the legitimacy of
thinking of concepts in this manner, the concept of a miscount has not
been so fixed as to exclude the possibility that one should have occurred
where ordinary perceptual criteria most strongly suggest that none has.
What is at stake in the adoption of such a rule is our conception of when
our perceptions may be regarded as reliable; and this concept is indeed
one in whose conditions of application we may always be prepared to
make a change.

[t is in any case questionable whether Dummett is right to talk as
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though in any process of counting there were a definite disjunction of
possible counting mistakes. It is hard to see what principles one could
use for deciding that a list of possible counting mistakes included every
possible way of counting five girls, seven boys and thirteen children. It
is also hard to see how we should close off a list of possible physical
explanations, not involving miscounting, for getting the wrong result.

"So even if we did have decisive methods of verification of such possi-

bilities individually, it is not clear how we could verify that nothing of
the sort had occurred. Of course everything may seem to be in order.
But then, that is exactly how the count-up of twenty-three girls, four-
teen boys and thirty-seven children seems to the sub-culture! How can
we persuade them that there really is no mistake, or physical peculiarity,
at work unless we can specify all the germane possibilities and then
eliminate them, case by case?

The suggestion was that we have a responsibility to ensure, when we
adopt arithmetical rules, that we are not led into postulations of mis-
counts, changes in the size of a group, hallucination, etc., where
nothing of the sort has taken place. And the reply being suggested on
the basis of the considerations just advanced is that, whatever arith-
metic we adopt, we shall not be liable to conviction for failing to meet
this responsibility; first, because the perceptual criteria for the indi-
vidual possibilities are defeasible—their-giving a verdict is compatible
with its falsity—and secondly because, owing to its indefiniteness, the
claim that something has occurred which would explain why we did not
get what we regard as a right result is not falsifiable.

I am not here reneging on what was said in the previous chapter about
alternative ways of calculating, inferring, etc. It was claimed that such
descriptions made sense only if the techniques and principles involved
were put to substantially the same purposes for which we calculate,
infer, etc.; and that alternatives will therefore be in principle commen-
surable with our logic and mathematics according as they serve, better
or worse, those purposes. And it is not now being claimed that we might
as well, counting as we do, have adopted an arithmetic in which
24 + 14 = 38; we have not even addressed the question how such an
arithmetic might be formulated. The point is simply that people who
counted as we do but accepted, for whatever reason, that 23 + 14 = 38,
could not necessarily be shown that they had adopted as a criterion for
error in counting something which was actually no such thing—that
they had failed in their responsibility to the notion of counting-error as
fixed by their prior operational criteria. For it is concord with arith-
metic that sanctions our transition from its seeming by ordinary criteria
that no counting error has occurred to the judgment that it really is the
case that there has been no such error. If counting results do not add up,
we too will say that there must have been an error in counting, or some
other physical explanation, even if ordinary perceptual criteria suggest
nothing of the sort. But if members of the sub-culture may not be
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convicted of failing in a responsibility, neither may we be congratulated
on having met it.

8. These considerations cast some light, perhaps, on Wittgenstein’s
conception of logic and mathematics as ‘antecedent’ to truth, as
‘measures’ of reality. But they do not entirely capture what is essential
to Wittgenstein’s position—that is, what from a Wittgensteinian point
of view is most fundamentally amiss with Dummett’s objection. Con-
sider again the objection in its most general form. The principles of
logic and mathematics serve as criteria for the misapplication of criteria
for the truth of other—contingent—statements; for miscounting, mis-
measuring, etc. But then the claim that such a misapplication has
occurred is intelligible only as the claim that some specific misapplica-
tion has occurred; typically, there will be a variety of ways in which to
botch such a procedure.

Now, the objection runs, does a Wittgensteinian allow that
whenever, by appeal to a principle of inference, we are prepared to
assert that such a misapplication must have occurred, both that one has
and what specific misapplication could always in principle have been
recognised independently? If not, the Wittgensteinian would seem, if
we refine Dummett’s objection slightly, to be committed to postulating
specific mistakes where nothing in principle need amount to recog-
nition of what specific mistake has occurred. But if it is allowed 1hat 1t
must in principle be possible to locate a specific mistake, or other
peculiarity, whenever a principle of inference declares there to have
been one, how can this have been ensured just by the adoption of a mere
rule of language?

What has so far been suggested is that a deviant rule of inference
could not be demonstrated to involve postulation of error, etc., in a
situation where nothing of the sort has occurred. But while in one way a
Wittgensteinian would accept that a specific, recognisable ‘something’
must have occurred wherever an accepted principle of inference
requires us to say that some ‘something’ has occurred, Dummett’s
alternatives are actually both inadmissible from a Wittgensteinian point
of view if taken in the manner required by the objection. Logic and
mathematics precisely supply criteria for how procedures work out if
properly applied. There is no Olympian standpoint from which we can
ask: is it really the case that there is always a specific, recognisable error,
or other peculiarity, in applying some procedure whenever a principle
of inference requires us to say that there is? Nor, therefore, does it make
sense to suppose that principles of inference have to face a tribunal of
what is, in this sense, really the case; that we have to ‘pick’ our rules of
inference in such a way as to ensure that we avoid postulating errors and
anomalies where none have taken place. If we had such a responsibility,
we should not know how to discharge it.
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Thus Wittgenstein’s viewpoint allows us to say the sort of thing
which we ordinarily should say in circumstances of the relevant kind;
for example, that there must have occurred a specific recognisable
error. But this is to concede nothing to the objector. It concedes
nothing because the idea is now rejected that there is a determinate
range of cases in which, independently of what our arithmetic requires,
it is by operational criteria correct, or incorrect, to suppose that specific
counting errors, or other peculiarities, are present and of which any
satisfactory arithmetic must not enjoin misclassification. The concepts
of correct counting, and of the various ways in which the size of a group
can alter, are always capable of further determination just because our
understanding of them in no way settles in advance what we ought in
future cases to count as theic correct application. Dummett’s objection
poses a difficulty for Wittgenstein’s brand of conventionalism only if we
think of our understanding of notions like ‘correct counting’ as frozen
by procedural rules, as predetermining which situations may and may
not rightly be regarded as involving counting errors, etc. But Wittgen-
stein’s conventionalism, as so far interpreted, emanates precisely from a
repudiation of such a conception of understanding.



VI
‘The Deep Need for the Convention’

Sources

RFM: 1. 74;n.23; . 15-16; v. 39-40
LFM: lecture xi1, pp. 128-30

1. In Chapter I11, when we began to try to interpret Wittgenstein's
suggestion that proofs are essentially instruments of conceptual change,
that they fix new rules for the use of expressions, we encountered the
following dilemma. If, first, we accept as legitimate a distinction be-
tween those sorts of application of an expression which objectively
accord with the meaning which we have attached to it and those which
do not, then it may well—in that sense—accord with the way in which
we understand a particular statement to regard it as demonstrated by a
particular proof. To accept the proof may well be a matter of fidelity to
our understanding of the concepts involved in the conclusion, and of
the rules of inference appealed to in the individual steps. In that case, it
will not be coherent to regard these concepts as changed by our accept-
ing the proof; it will not be coherent because, as we saw, the attempt to
combine the notions of accord and modification, so that one application
of an expression may simultaneously both conform with the way we
understand it and change that understanding, results in its being
impossible to give an account of the change. If, on the other hand, we
disallow that there is any legitimate and substantial sense in which
accepting a proof may accord with the way we understand the concepts
involved—the rules of inference, etc.—then what does it mean to talk of
conceptual change here? What is as it would not otherwise have been? If
we think of the sense of an expression as determined by its pattern of
correct use, a change in the way we understand it must be a change in
that pattern. But if there is in reality no such objective pattern, of
which, for example, accepting a proof might or might not be a continua-
tion, then in what has a change taken place? If there is ultimately no
objectivity in the idea of a correct application of an expression, of our
continuing to use it in the same way as before, how can sense any longer
be given to the claim that the use of an expression has altered?

We left open the question whether there is a solution to this dilemma
which both incorporates Wittgenstein’s views on rule-following and
assigns a special rdle to proof as a source of conceptual change, whatever
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then remains of the latter notion. Are we now any nearer to finding such
a solution? It is hard to see that we are. Suppose we take the usual
apparatus for fixing a concept for granted: the definitions and examples
which we should use, the criteria of application which we should
attempt to explain, and so on. The crucial question is then, how would
accepting a new proof of a statement involving the concept change the
character of this apparatus? The answer which we should ordinarily
want to give is that there will be no essential change if it is right to accept
the proof. Not that the explanations which we might offer of the
concept would necessarily be wholly unaffected; the proof might, for
example, give us a new technique for applying the concept which it
might be regarded as useful to include in an explanation, and at the very
least it will provide a new example of the concept. But the sense in
which we should want to insist that the essential character of the concept
had not changed would be just this: even after we accept the proof, the
former apparatus will still be perfectly appropriate to serve as an expla-
nation of the concept. It is just here that the situation contrasts with that
of the kind of stipulation about ‘green’ which we entertained; after such
a stipulation, the old range of green samples would no longer be
considered sufficiently representative, sufficiently broad to provide a
satisfactory ostensive definition of the new sense of ‘green’.
Wittgenstein's discussion of the notion of following a rule has, if we
accept its general conclusion, robbed us of the distinction between our
seeming to continue using an expression in the same way as before, and
our genuinely, objectively doing so. We could say that there is finally
only such a thing as seeming to oneself and others to be applying a
concept in the same way as before; we share classificatory dispositions,
but this is, so to speak, a primitive fact, embroidered on rather than
explained by the conception of our use of language as the implementa-
tion of the requirements of a set of semantic rules which we absorb
during our training in the language, and which a specific description of
specific circumstances will objectively either conform to or breach.
Nevertheless, there is still such a thing as the ordinary activity of
explaining a concept—of giving explicit rules for its application,
perhaps—and, in certain circumstances, modifying the concept for
whatever reason, changing the rules, the character of the examples, etc.
Even if the picture must be abandoned that in explaining a concept we
lay down an objective track, along which it is our intention that correct
use of the expression must run, still it is only in terms of the expla-
nations which we should give, and the pattern of use which we seem to
ourselves to follow, that the identity of a concept has any meaning for us
at all. It is therefore in such terms that the ideas of conceptual change
and innovation too must make sense. If there is in the end no place for a
notion of fidelity to the meaning of an expression, then we can no longer
picture our acceptance of a new proof as merely an explicit ratification
of something implicit in a contract which we have already signed; the
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notions of changing a meaning and keeping it the same are no longer
objective. But, in terms of their non-objective remains, the fact is that
meanings do not generally seem to change as a result of new proofs. The
previous definitions, explanations, rules, etc., which we intuitively
regard as fixing the identity of the concepts involved, all remain ad-
equate. In terms of the ordinary criteria for what it is for a meaning to
change, no change has taken place. These, to be sure, are not now
criteria for anything objective; but, just for that reason, how can it now
make sense to claim that, althcugh not by these criteria, a modification
of concepts has nevertheless been effected?

2. In order to see the difficulty more sharply, consider again the
character of Wittgenstein's position with respect to the rule of conver-
sion, 1 inch = 2.54 centimetres. For Wittgenstein this is originally an
empirical statement, a statistical generalisation about how pairs of
properly conducted measurements in terms of inches and centimetres
tend to correspond, which we proceed to transform into a rule. So
transformed, it comes to express a condition upon how pairs of
measurements in terms of the two units ought to come out—how they
will come out if properly conducted. It thus embodies a criterion for
when measurements have been accurately taken distinct from the
purely operational and other criteria previously constitutive of that
notion; if a set of readings are not as the rule requires, then, irrespective
of how meticulously the operational criteria were observed, they are not
all accurate. That the rule embodies such a criterion is not, of course,
contentious. The crucial Wittgensteinian thesis is that this criterion is
not merely something which was previously unused; it is novel in a
sense which makes it proper to say that our adoption of it modifies the
concept of accurate measurement.

The natural objection to this view is, in essence, that the result
obtainable by accurately measuring an unchanging object is determined
in advance by the concept of accurate measurement and the properties
of the object measured; just as the result obtainable by correctly count-
ing a group of objects is determined in advance by the concept of correct
counting and the number of objects in the group. So, for any proposed
rule of conversion, it is already the case either that if an unchanging
object is accurately measured in terms of both units, then the results
will correspond—must correspond—as required by the rule, or that they
will not—that only by inaccurate measurement can the required corres-
pondence between results be secured.

Those of intuitionist, or strict finitist, inclination can be expected, as
we noted, to quarrel with the use made of the idea of ‘accurate
measurement’ in this way of formulating the objection. But they and the
realist can agree, against Wittgenstein, that we have a responsibility to
pick on a rule which, when used as a criterion of inaccurate measure-
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ment, yields results coincident with the way in which that concept
already applies. Such a rule cannot correctly be described as incorporat-
ing an essentially new, distinct criterion for applying the concept of
inaccurate measurement, whose effect is to modify that concept. For
whenever, by the new criterion, a mismeasurement has occurred, that
judgment will be independently verifiable—at any rate ‘in principle’
—in terms of the concept of inaccurate measurement as it was before the
rule of conversion was adopted. The former explanations of that con-
cept will thus continue to suffice; and it is to the concept thereby fixed
that the rule of conversion has to answer—and will indeed necessarily
answer correctly if we pick the right rule.

The Wittgensteinian’s response to this objection, according to our
interpretation, is to reject its assumptions. He rejects the idea that the
concepts of accurate and inaccurate measurement, as they were before
the rule of conversion was adopted, have a life of their own, so to
speak—that they determinately apply, or fail to apply, to a specific
range of unratified cases. And he rejects the idea that it is objectively
inherent in the concept of accurate measurement whether a particular
result, or range of results, can be reached by accurately measuring a
particular unchanging object. Thus a rule of conversion is not answer-
able to antecedent facts about how the concepts of accurate and inaccu-
rate measurement aiready objectively apply; nor isit already objectively
necessarily true or false, irrespective of what we say, that a pair of
simultaneous imperial and metric measurements of an object will, if
accurate, produce results standing in a certain (approximate) ratio. The
‘correct’ rule of conversion is not properly seen as a description of
something implicit in the notion of correct measurement as it was
before the rule was adopted. Nothing is ever ‘implicit’ in a concept in
that way. ‘Essential connections’ are created by our explicit ratification
of them. The only sense in which it is ‘determined’ in what ratio
simultaneous accurate measurements of an object in inches and centi-
metres will stand is that we have determined that nothing is to count as
accurate measurement which does not produce results standing in the
ratio which we have chosen.

Well and good. But now, is it really admissible on such a view to claim
that the effect of adopting the rule of conversion is to modify the concept
of accurate measurement? For the fact is that the new criterion—the
rule—is treated as a criterion for whether the old criteria—the opera-
tional techniques—have themselves been properly applied. If somebody
gets results conflicting with the rule after, as it seems to him,
meticulous observation of the techniques of correct measurement, we
say not that meticulous observation of those techniques is no longer
decisive, but that he cannot really so have observed them. (Likewise,
where the results of counting appear to conflict with those of addition,
we say not that counting is no longer decisive but that there must have
been a miscount.) Naturally, then, for us who play the measuring
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‘game’, who make use of the two kinds of criteria for accurate measure-
ment, it remains the case that the core of the concept is fixed, as before,
by reference to the techniques of application which we originally
learned—as the core of the concept of finite cardinal number is fixed by
correct counting. From a standpoint within the language-game in
which the concept is applied, there would appear to be no room for the
claim that a modification in it has taken place.

The Wittgensteinian may want to say something like: by adopting
the rule we have created facts here about how the old criterion will work
out if applied properly. And the general intention of this claim may be
thought to be clear. But can it be coherently formulated? Such facts
were ‘created’, ﬁresumably, when the rule, 1 inch = 2.54 centimetres,
was adopted; but that would appear to entail that before we adopted the
rule it did not have to be the case that at least one of any pair of
measurements of an unchanging object, carried out on appropriately
calibrated instruments, was, if the results did not stand in the appro-
priate ratio, incorrect by criteria then accepted. The difficulty with this
stands out clearly if we ask whether it is a consequence drawn from a
standpoint within or without our ‘language-game’ of measurement. If
the former, then it is of course unacceptable; by the rule that 1 inch =
2.54 centimetres, it must already have been the case in any such
situation, even before the rule was adopted, that a mismeasure had
occurred. Contrast the situation with the stipulation for ‘green’. Here
from a standpoint within the language-game we can perfectly intelli-
gibly compare the states of affairs before and after the stipulation was
adopted; we can contrast what constituted correct use of ‘green’ before
the new shade was incorporated and after. But this is because the
stipulation of a new meaning for ‘green’ is not a stipulation about how it
ought to have been applied in certain cases when it had the meaning it
formerly had. Adopting the rule, 1 inch = 2.54 centimetres, on the
other hand, must be seen, on the Wittgensteinian view of the matter,
not as changing merely the course of our use of ‘correct measurement’
and ‘incorrect measurement’ but, so to speak, as creating facts for all
times and possibilities. There is therefore no combination of tense and
mood which can yield a description of how the conditions of correct
application of those concepts have changed.

Suppose, however, that the consequence is drawn from a standpoint
outside the language-game. It is asserted that, whatever we now say
about the matter, it was perfectly possible, when we had only the
operational criteria of correct measurement, for measurements of an
unchanging object in centimetres and inches to give readings not in the
ratio 2.54:1, yet both be by operational standards perfectly correct. But
now, what could be the ground for this assertion? The picture on which
it seems to depend is that of an QOlympian view of the potentialities of the
operational criteria; it was, so to speak, inherent in those criteria that
they could be satisfied by simultaneous measurements whose results
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did not correspond as we should now require them to. But such a
conception is precisely what Wittgenstein rejects. There is no such
Olympian knowledge to be had.

Thus neither within nor without the language-game can it be truly
asserted that, as a result of adopting the rule, 1 inch = 2.54 centi-
metres, moves are now admissible that would not have been before.
Outside the language-game there is no distinction to be drawn between
moves which would have been admissible and moves which would not;
there is only the contrast between those which have been allowed and
those which have been refused. But inside the language-game no move
is permitted by the new rule which may not with perfect propriety be
said to have been admissible already.

3. Someone might wish to contest these conclusions along the
following lines. Structurally the situation is this: we have a concept, ¢,
viz. accurate measurement, and an initial criterion of application for it
C,, viz. observation of certain operational safeguards, which we pro-
ceed to supplement by a new criterion, C,, viz. conformity of results
with the rule of conversion. The difficulty for the Wittgensteinian is
that C, is treated as a criterion for the satisfaction of C,, that both before
and after the new criterion, C,, is adopted, the content of ¢ may
correctly be explained by reference merely to C1. Nevertheless, there is
a change: what changes is our conception of the conditions under which
C, has been properly observed. Before, we should have been prepared
to judge that C, was satisfied just on the basis of observation. Now, that
is no longer sufficient; it is in addition necessary, in order for C, to have
been properly observed, that the results obtained conform to certain
requirements. It remains true that ¢ applies if and only if C, is satisfied,
and in that sense the concept, ¢, has undergone no change. But this is
only a formal sense; for circumstances which would previously have
been regarded as sufficient for supposing that C, was satisfied are no
longer'regarded as such. Thus there is, after all, inside the language-
game a recognisable modification in the concept ¢. It is not that its
criterion of application has changed. Rather the change is second-
order; we have changed our conception of the conditions under which
the criterion has been duly observed. '

In one way this is unexceptionable. But, taken as intended, it
involves a misrepresentation. In all cases of the relevant sort we have,
before the proof or rule is accepted, no indefeasible method of verifica-
tion that the old criteria have been properly observed. Just this is what
enables us to adopt the new rule as a criterion for how the old criteria
work out. Otherwise, in situations in which the new and old criteria
pointed in different directions, we should simply have a conflict; and so
would be beggared for a description in terms of ¢. Thus all along it was
allowed that one could seem to measure correctly and yet not really have
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done so, that one could seem to count correctly and yet have made an
unnoticed mistake, etc.

The force of this reflection can be brought out clearly by reference to
Dummett’s example.’ Suppose we find a method for determining the
primality of a number other than Eratosthenes’ Sieve—i.e. the tech-
nique of running through the natural numbers, trying to divide each
one by its established prime predecessors—though, of course, demon-
strably equivalent to it in its results. And let us suppose that the new
method is more powerful in this sense: that we are able to apply it
convincingly to numbers of such a size that we should doubt our
capacity to compute their primality by means of the Sieve without
making mistakes. We thus have as before a concept, ¢—prime—and a
criterion for applying it, C,, Eratosthenes’ Sieve. Before the proof gave
us a new technique for determining prime numbers, we should have
regarded the Sieve as correctly applied in any particular case just on the
basis of a check on the computation; but now such a check is no longer
regarded as sufficient. Even if we can find no mistake when we check
the computation, we shall still say that there must be one if a number
turns out composite by the new technique, C,, which appeared prime
when computed by the Sieve. Thus although it is true, both before and
after the new technique is established, that the meaning of ‘prime’ could
be explained by reference to Eratosthenes’ Sieve, accepting the new
technique effects a modification in our concept of when the Sieve has
been properly applied. Before, it sufficed to check the computation;
now, in addition, the results of the computation must coincide with
those of the new, simpler technique.

Now, what I am saying is amiss with this attempt to meet the
difficulty is simply that a check on the computation was never regarded
as decisively sufficient for its having been carried out correctly. Of
course, we regarded such a check as corroborating the result; we should
have regarded ourselves as justified in saying that the computation
contained no mistake if a careful check revealed none. But a check was
never considered to establish conclusively that no error had been made;
after all, the check could itself contain an unnoticed error. All along we
drew a distinction between such a computation’s really being correct
and its being corroborated by a check. The check, we should have said,
is merely a practical safeguard; we sometimes find previously
unnoticed errors that way. But what the proof gives us is exactly a better
way of checking such a computation.

The situation is thus not correctly described as one in which a

formerly sufficient condition for supposing a criterion to have been

properly applied now ceases to be so, nor, therefore, asone in which our

concept of what it is properly to apply the criterion has been

changed—save possibly in an irrelevant, psychological sense. Rather we

should want to describe ourselves as better placed, after we have the
123 (2, pp. 504-5).
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new technique, to recognise when, in cases where the application of the
old criterion becomes complex, we have or have not correctly applied it.
So there is still no concept of which we can recognise what in ordinary
terms would count as a change in the conditions of its correct
application.

4. Let us relate these ideas to 11. 30-1. Suppose we apply the Sieve
to some large number—the computation may be imagined to take some
three or four hours to complete—and get the result that it is prime. We
check the computation over and get. the same result again. Now we
apply the new technique—which, let us suppose, takes a couple of
minutes and less than a side of paper—and get the result that the
number has factors in a certain range. We conclude that there must be
an error in the original computation, which we missed when we checked
it over. This ‘must’, according to Wittgenstein, corresponds to a track
which we lay down in language. We have established a new concept of
how such a computation ought to turn out. As a result of the proof’s
having given us the new technique, the rules for the judgment, that an
application of the Sieve contained errors, have changed. This judgment
has a new ‘grammar’; the idea of error has been connected with a new
criterion, and this connection did not exist before we made it. So it is
not that the new criterion enables us to discover errors that were already
there and could in principle have been recognised in terms of our
ordinary standards of correct computation.

Well, it would seem at this point that the author of the Tractatus has
here once again placed himself in a situation of trying to state what it is
doubtful may coherently be stated. Only from a standpoint inside the
language-game is a ‘track’ laid down by the proof; only from such a
standpoint do we determine a pattern of use by accepting the proof.
From a viewpoint outside the language-game there is, for a Wittgen-
steinian, no track, no pattern; no sense in which a ‘decision’ to ‘fix the
use of my language this \way’ may be seen to change the kind of use of an
expression which I would otherwise have made. Outside the language-
game, every move within it must be seen as primitive; there are no
determinate truths about how expressions would have been used if
different ‘decisions’ had been taken within it, or about how they wil/ be
used if this decision is kept to. But it is only from a viewpoint outside the
language-game, if at all, that the ‘track’ can be regarded as a new one; as
establishing a connection between concepts which did not pre-exist it,
which is independent of how those concepts were before. Inside the
language-game the tracks are correctly said to coincide: the new cri-
terion only tells us things which the old criterion would have told us
anyway, if properly applied. Inside the language-game we may regard
the proof as establishing a pattern of application for certain concepts
which we should otherwise not have followed ; but we say it would have
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accorded with those concepts, as they were before the proof, so to apply
them. For a Wittgensteinian, outside the language-game, there is no
substance to this proviso, no sense in which it would have
accorded with reality, even before we had the proof, to link the applica-
tion of the concepts in question in the manner in which we now proceed
after the proof. But from no standpoint can it be said both that our
manner of application of certain concepts changes as a result of the
proof and that these changes are radical changes, that we are not merely
applying concepts in a way in which it would have been right to apply
them all along.

It is hard to be clear whether this is to expose an incoherence in the
character of Wittgenstein’s thesis of concept-modification, or merely in
the form of expression which he, and I by way of interpretation, have
typically given to it. The burden of Wittgenstein’s argument, as I have
tried to explain it, is directed against pictures conjured by the ex-
pressions, ‘determine’, ‘accord’, etc. We think, in the present example,
that the concept of correct application of Eratosthenes’ Sieve is imbued
by standard explanations with a certain automony: it is predeterminate
what result it gives in any particular case, if correctly applied. When we
appreciate the force of the proof, we see that the essence of the new
technique is such that it cannot ever clash with the Sieve if both are
properly applied. The new technique thus merely gives us a way of
ratifying the application of ‘prime’ to cases to which it was already
determined that it should apply, although we might in practice have
been incapable of recognising that it did. For Wittgenstein, in contrast,
all this is a muddle. The concept ‘prime’, has no determinate range of
application, unratified by us, which any adequate new criterion must
assess properly; and our acceptance of the proof is not rightly described
as ‘recognition’ that the new technique meets this condition.

Now in one way this is all clear enough. The trouble is that the
‘pictures’ which Wittgenstein is opposing look to be more than pictures;
they are forms of description enshrined in the language. It is by
ordinary criteria—the mechanical character of the Sieve—true to say
that 1t is determined of any particular natural number whether or not it
is prime; and it is by other ordinary criteria—the proof—true to say that
any lengthy application of the Sieve which classified as prime a number
proved by the new technique to be composite must have contained an
error appreciable by means of criteria used before we had the new
technique. If ‘concept-modification’ is to make sense in ordinary terms,
then what we have here are forms of expression which serve precisely to
capture what it is for concepts to remain the same, to undergo no
modification. Thus the thesis that proofs modify concepts—give us
essentially new rules for their application—begins to sound like a radical
thesis, a suggestion of change in our actual linguistic habits. And we
know from Wittgenstein’s general philosophical outlook how unattrac-
tive such a revisionary position would have seemed to him.
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It is tempting to conclude that Wittgenstein does himself no service
by advancing the thesis in the forms which he typically favours—that
proofs stimulate us to recast criteria, lay down new linguistic tracks,
establish connections which formerly were not there, and in general
change the use of our language. On the contrary, unless we abandon
certain well-entrenched idioms, there simply seems to be no standpoint
from which these things can be correctly said. What, we might suggest,
Wittgenstein’s arguments tend to establish is better expressed along the
following lines. There is capable of coherent explanation no ‘ultra-
physical’, objective sense in which, after a new proof is accepted, the
concepts involved remain the same; there is, that is to say, no fact in such
a case of which our habitual use of certain forms of expression—the
language of determinacy and accord—serves to express our grasp, and
which is somehow ulterior to the fact that it is, by consensus, correct to
apply the relevant forms of expression in this kind of circumstance.

This would be to endorse, after all, the ‘therapeutic’ view of the
concept-modification thesis, sketched in Chapter III. But we shall
return much later® to the question whether a more literal interpretation
of it may not yet be defensible.

5. There is a difficulty in Wittgenstein’s view of proof and necessity
on which we have not so far touched. Consider 1. 74:

‘If the form of the group was the same, then it must have had the same
aspects, the same possibilities of division. If it has different ones, then it
isn’t the same form. Perhaps it somehow made the same impression upon
you; but it is the same form only if you can divide it up in the same way.’ It
15 as if this expressed the essence of the form. But I say: if you talk about
essence, you are merely noting a convention. Here one would like to retort
that there is no greater difference than that between a proposition about
the depth of the essence and one about a mere convention. But what if 1
reply: to the depth that we see in the essence there corresponds the deep
need for the convention.

Contrast this with v. 40:

It is natural for us to regard it as a geometrical fact, not as a fact of physics,
that a square piece of paper can be folded into a boat or a hat. But 1s not
geometry, so understood, part of physics? No; we split geometry off from
physics. The geometrical possibility from the physical one. But what if we
left them together?—if we simply said, ‘If you do this and this and this
with the piece of paper, then this will be the result’? What has to be done
might be told in a rhyme. For might it not be that someone did not
distinguish at all between the two possibilities? As e.g. a child who learns
this technique does not. It does not know and does not consider whether
these results of folding are possible only because the paper stretches, is
pulled out of shape, when it 1s folded in such and such a way, or because it
15 not pulled out of shape. And now isn't it like this in arithmetic too? Why

! In Chapter XXI11.
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shouldn’t it be possible for people to learn to calculate without having the
concepts of a mathematical and a physical fact? They merely know that
this is always the result when they take care and do what they have
learned.

For practical purposes, for example, making hats and boats out of
bits of paper, geometrical considerations need not obtrude at all. But if
we have a geometry in terms of which we can describe the sequence of
folds made, then that will determine what account to give of a case
where someone seems to carry through the sequence perfectly properly
and yet a paper hat does not result. That is, depending upon the
geometry, we can blame the paper for changing shape—or being other-
wise unsuitable—or for not changing shape. (If we are independently
confident of the suitability of the paper, we shall look for a mistake in
the folding.)

Now what, practically speaking, do we gain by being in a position to
offer such an explanation? A natural answer would be that if we incline
to the first explanation and it is practically urgent for us to be able to
make paper hats, the proper strategy would appear to be to ensure that
the paper is not too flexible; and this is something which is answerable
to independent (physical) criteria. On the other hand if our geometry
gives an account of the second sort, it might be prudent to supply all
hat-folders with rubberised paper. Which geometry we adopt matters
in just this sense: it is out of our hands which strategy would prove the
more successful, will heighten the rate of paper hat production.

This sort of reply, however, does not meet the issue. There is no
doubt that it may be of practical consequence what account of the
situation is given by one’s geometry. But the question is rather, why
have a geometrical account of the situation at all? Why should we not
approach the question of meeting our practical needs—the manufacture
of paper hats or whatever—in a wholly inductive spirit, classifying paper
into types just in accordance with whether assiduous attention to the
folding technique seems to produce the desired results? We want to
know which kind of paper we can expect to get the right results with if
we try hard, and with which we cannot. Geometry can tell us; but so
can induction. For the purpose of folding hats, an inductive correlation
between, for example, lack of flexibility and success is all we need.

According to Wittgenstein’s view, a geometry will here establish a
conventional association between the concepts of folding the paper
properly, the qualities of the paper, and the getting of a certain out-
come. We shall establish as ‘grammatically’ correct such a conditional
as: if such and such a sequence of folds is followed, and the paper is not
too flexible, then a paper hat results. But while, if we are to have a
convention, there may be practical reasons for preferring one to
another, what is completely unclear is why, as far as purely practical
reasons go, a conventional association should be established at all.
What, then, is the source of the ‘deep need’ for the convention?
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Itis, as Wittgenstein suggests, the same with arithmetical examples.
If I have to pave a yard with slabs of concrete one metre square, and on
measuring it find it to be three metres by four metres, I can be very sure
indeed that twelve slabs will suffice. But, for practical purposes, why
should this certainty be any less use if it is merely inductive? The
empiricist conception of arithmetic, proposed by Mill, is generally
thought inadequate to explain the way in which we actually use arithmetical
statements. But if we regarded such statements, as Mill suggested
we actually do, simply as very well supported inductive general-
isations about what tends to happen when by ordinary criteria we count
and calculate correctly, what practical purposes now served by arith-
metic could not then be served? What is the pressure on us—the
need—to fix it as a rule of language that 3 X 4 = 12, to lay down a new
track in language, establish new criteria for miscounting, etc.? Why for
practical purposes would it not do to explore inductive relations be-
tween the concepts involved as they stand before the rule is adopted?

For Wittgenstein, a necessary statement is created when we, for
whatever reason, effect a connection between the concepts which it
involves. We involve them in one another’s conditions of correct appli-
cation. Such an account at least liberates us from the responsibility of
explaining how we could recognise that such an involvement was
already independently established; there is no need on such an account
to explain, reverting to the previous example, how we are able to
recognise that the new and old criteria of ‘prime’ necessarily coincide in
result if properly applied. There is no problem about explaining how
we recognise such a thing because we do not recognise such a thing;
rather we come not to count any application of the old method as correct
which diverges from a surveyable, seemingly correct application of the
new method. But now it appears that we have lost one mystery only to
gain another; if there is no longer any problem about how necessity can
be recognised, what is now unclear is why there should be any necessary
statements at all. This is a question to which the answer, according to
the recognitional conception of necessity, would be trivial: the presence
of necessary statements in our language is a product of the requirement
that it be sufficiently rich to express every kind of fact which we are
capable of apprehending. But what is Wittgenstein's answer?

6. It might be thought that we began to move towards a possible
solution to this difficulty at the beginning of the previous chapter. The
problem was: if ‘1 inch = 2.54 centimetres’ is a necessary truth, how
could this necessary truth be discovered by a purely empirical investiga-
tion, by seeing how seemingly correct measurements in inches and
centimetres tended to correspond? Wittgenstein’s answer was that what
was yielded by such an investigation s, of course, an empirical state-
ment, which we then promote to the rank of rule, thus removing it from























































































































































































































































































































































































































































































































































































